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2 Clarivate
Analytics

NAS RK is pleased to announce that News of NAS RK. Series of geology and technical sciences
scientific journal has been accepted for indexing in the Emerging Sources Citation Index, a new
edition of Web of Science. Content in this index is under consideration by Clarivate Analytics
to be accepted in the Science Citation Index Expanded, the Social Sciences Citation Index, and
the Arts & Humanities Citation Index. The quality and depth of content Web of Science offers to
researchers, authors, publishers, and institutions sets it apart from other research databases. The
inclusion of News of NAS RK. Series of geology and technical sciences in the Emerging Sources
Citation Index demonstrates our dedication to providing the most relevant and influential content
of geology and engineering sciences to our community.

Kazaxcman Pecnyonuxacol ¥nmmoix eoiivim akademusicol « KP ¥£A Xabapnapwi. 'eonoeusi scane
MEXHUKATLIK bLIBIMOAD CepUsiCbly bliblMU JcypHaabinbiy Web of Science-miy oicananranzan
nyckacol Emerging Sources Citation Index-me undexcmenyee kabviioaneanvlH xabapiaiiovl.
byn unoexcmeny 6apwicoinoa Clarivate Analytics komnanusicol JcypHandvl 00au api the Science
Citation Index Expanded, the Social Sciences Citation Index oicone the Arts & Humanities
Citation Index-xe xabwvL10ay macenecin xapacmoipyoa. Webof Science szepmmeyuiinep,
asmopnap, bacnawbliap MeH meKkemenepee KOHmMeHm mepenoici MeH canacvih Ycovlnaowvl. KP
¥F'A Xabapnapwi. I'eonocus scane mexnuxanvlk eviiimoap cepusicol Emerging Sources Citation
Index-xe enyi 6i30iy KoeamoacmvlK yulik ey 63eKkmi Jicane 6e0eN0l 2e0N102Usl HCIHE MEXHUKATBIK
2LILIMOAp OOUbIHULA KOHMEHMKE A0ai0bleblMbl30bl OLI0IPEOi.

HAH PK coobwaem, umo nayunoiii sicypran « zeecmuss HAH PK. Cepusi eeonocuu u mexnuueckux
HayK» 6vL1 npunam 0ns undexcuposanus 6 Emerging Sources Citation Index, 06noenennoii éepcuu
Web of Science. Cooepoicanue 6 3mom uHOEeKCUpOBaHUuU HAXOOUMCS 8 CMAOUl paccMOmMpeHUs
rxomnanueu Clarivate Analytics ons danvheiiueeo npunsmus scypHana 6 the Science Citation
Index Expanded, the Social Sciences Citation Index u the Arts & Humanities Citation Index.
Web of Science npeonacaem xauecmeo u enyouHy Kommenma 0/ ucciedogamenell, dgmopoes,
uzoamenei u yupexcoenuil. Brxnouenue Uzeecmus HAH PK. Cepus eeonocuu u mexnuueckux
nayx 6 Emerging Sources Citation Index demoncmpupyem nauty npugepiceHHocms K Haubonee
AKMYANIbHOMY U GIUAMENbHOMY KOHMEHMY NO 2€0102Ul U MEXHUYECKUM HAYKAM Olsl HAule2o
coobwecmaa.
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INVESTIGATION OF LSMSA APPROACH IN LOCAL GEOID MODELING

Urazaliyev Asset Seisenbekovich — Senior Researcher at the Laboratory of Satellite and Geodynamic
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Abstract. This article presents the results of creating a gravimetric geoid model
using a modified Stokes formula, implemented via the method of least squares with additive
correction (LSMSA). Typically, the computation of geoid height is based on gravity
measurements at points on or above the Earth’s surface. However, practical limitations often
restrict available gravity data to a spherical cap, leading to truncation errors. To mitigate these
errors, it is essential to integrate terrestrial data with a global geopotential model (GGM). For
an optimal gravimetric geoid definition, the GGM must be selected to best match the local
gravity field. This selection is accomplished by comparing geodetic quantities derived from
the GGM — such as potential, geoid heights, deflection of the vertical, gravity, and anomaly
values — with those obtained from GNSS/levelling and terrestrial gravity measurements.
This comparison reduces the impact of assumptions and approximations inherent in the
Stokes method, thereby enhancing the accuracy of geoid height determination. To develop a
local geoid using heterogeneous data sources (including gravity anomalies, digital high relief
models, global geopotential models, and GNSS/levelling data) Least squares modification
of Stokes formula with additive correction (LSMSA) method was chosen. This method is
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one of the simplest and most practical approaches, which has been successfully employed in
regional geoid modelling. The LSMSA approach facilitates optimal integration of terrestrial
and global data, contributing to more accurate and reliable geoid modelling.

Keywords: least squares modifications of Stokes formula, GGM, geoid, GNSS/
leveling, accuracy assessment, standard deviation
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AnnoTauus. Makanana reouATbIH TPaBUMETPHSIIBIK MOAECIIH jKacay HOTHKeNIepi
Crokc (GopMynachiHBIH MOJU(PHUKALMSIIAPBIH aJJUTUBTI TY3€TyMEH €H Killli KBaapaTTap
omicimen (LSMSA) konmaHy apKbUIbl YCBIHBUIFAH. OJETTE, T'€OMJl OUWIKTITIH ecenTey
XKep Oerinze Hemece OHBIH YCTiHJAE KEp TPaBUTALMSCHIH OJILIEYJIEep HEri3iHae XKy3ere
achIpbUIa bl AJlaiijia, ToiprOe/e Tek cepalblk KaIaKIeH MEKTSINeH IPaBUMETPUSIIBIK
JIepeKTep FaHa KOJ JKeTIMJIi, Oyn kecy karteciHe okeneai. Ocbl KaTeHI a3aiTy YIIiH
Keperi IepeKTepl FalnaMablK TpaBUTAMIBIK moTeHman moaeniMeH (I'TM) Gipikripy
KaxeT. ['€OMITHIH OHTAMIbl TPaBUMETPHUSIIBIK aHBIKTaAMAachlHA JKETY YIIiH JKepruTiKTi
IpaBUTAIMSIIBIK OPICKE €H KaKChl coiikec keneTiH ['TM tannay kepek. by I'TM Herizinae
QJIIBIHFAH TeOJIC3UsIIBIK IIaManapibl (MbICAJbl, IOTCHIMAN, TEOHJ OWIKTIKTEepi, TIK
KOMITOHEHTTEP/iH aybITKYBI, ayBIPJIBIK KL xkoHe aHomanus Morepi) ' HCC/Husenupiey
JKOHE JKepJIeTi TPaBUMETPHUSUIBIK OJIIICYJIep HEeTi3iH/e alblHFaH JePEKTEPMEH CAIBICTBIPY
apKBUIBI JKy3ere achlpbiiagsl. byn CTokc omiciHe ToH OoibKaMaap MEH KYBIKTayJapblH
ocepiH a3alTbIN, Ieou]l OMIKTITIH aHBIKTAYIBIH IONIITiH apTThIpyFa MYMKIHIIK Oepemi.
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Oprypiai  Aepekrepli (IpaBUTALMSIBIK aHOMAJMSIIAp, MKOFapbl LUQPIBIK  penbed
MOJIEb/ICPl, FalaMJbIK TPABUTAIMSUIBIK TOTEHIHMA Mojaenbaepi, conpaii-ak ['HCC
KOHE HMBEJIHMpPJICY JEepeKTepi) KolgaHa OTBHIPHII, KEPrilikTi reouArsl 3ipieyne CTokc
(hOpMyIIaCBIHBIH QITUTHBTI TY3€TYMEH €H Killli KBaJpaTTap dJiciMeH MOAU(DUKAIUSICHIH
(LSMSA) maiianany memrinmi, Oyl ailMaKThIK T€OU]] MOJCIbIACPIH aHBIKTAYy/1a TaOBICTHI
KOJIJIAaHBIIATHIH €H KaparaibiM jKOHE MPaKTHUKAIBIK TOCULAEPAiIH Oipi OONBIT TaObLIAIBL.
Byt Tocin skeprinikTi )koHe FamaMIbIK JepeKTep Il OHTAMIIBI OipiKTipy i KaMTaMachl3 eTe/i,
OYJ1 TEOMTHI JI9JT JKOHE CEHIMJII MOAEIBbACYTe BIKIAI STe/Ii.

Tyiiin ce3aep: eH Killi KBagpaTTap 9IiCiH Kongany apKelibl CTOKC (hOpMyIachIHBIH
moaupukanuscel, 'TM, reonn, THCC/Huenupiey, nonaikri 6aranay, CTaHIapTThI ayBITKY
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AnHoTauus. B cratbe mpencTaBiaeHbl pe3yiabTaThl CO3JAaHUSI TPABUMETPUUECKON
MOJIEJIH F'eOu 1A C UCTI0JIb30BaHneM MoAr(uKariuii popmMyiibl CTOKCAa METOI0M HAUMEHBIIIUX
KBapatoB ¢ amauTuBHON Koppekuued (LSMSA). OObIYHO BBIYHMCIICHHE BBICOTA TEeOMJA
OCYII[ECTBIISICTCS HA OCHOBE M3MEPEHUN 3€MHOHN TpaBUTAIMU B TOYKAX Ha MOBEPXHOCTH
3emun unu HaA He. OJHAKO HA MPAKTUKE AOCTYIHBI JUIIb TPAaBUMETPUUECKUE JaHHbBIE,
OrpaHUYCHHBIC C(HEPUUECKON IIIANKOW, YTO MPUBOJAUT K OlIMOKe ycedeHus. [ljis ymeHb-
[IEHUS 3TOW OIIMOKH HEOOXOAUMO OOBEAUHHUTL Ha3eMHBIE NaHHLIE C TII00AJIBLHON IeoIo-
TeHnuanbHoit Momensio (I'TM). s MOCTHXKEHHSI ONTUMAIBHOTO TPABUMETPUUYECKOTO
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ompesieNieHus Teouaa HeoOxomauMo BbIOpaTh ['TM, koTopas HawIrydmuMm oOpa3oM
COOTBETCTBYET MECTHOMY TI'DAaBUTALIMOHHOMY MOJIO. DTO JOCTUTAETCA IMYTEM CPaBHEHMS
reoZIe3NYeCKUX BEIMYHMH, IMOJNyuYeHHBIX Ha ocHOoBe [T'™M (Takmx Kak TIOTEHIIHMAT,
BBICOTHI T€OWJa, OTKIOHEHHE BEPTHUKAIBHBIX KOMIIOHEHTOB, CHJa TSKECTH M 3HAUYCHUS
aHOMaJuil) ¢ AaHHBIMH, NonydeHHbIMH Ha ocHoBe I'HCC/HuBenupoBaHus M Ha3eMHBIX
FPABUMETPUUYECKUX H3MEPEHUN. DTO MO3BOJIAECT YMEHBUIUTH BIMSHUE NONYLICHUH U
anmnpoKcumanuii, npucymux Mmeroqy CTokca, i HOBBICUTh TOUHOCTb OMPENEICHUS BHICOTHI
reouga. [Ipu pa3paOoTke JOKATBPHOTO TeOWAa C NMPUMEHEHHEM Pa3HOPOJHBIX JTaHHBIX
(TpaBUTallMOHHBIE AHOMAJHH, IH(PPOBBIE MOJIEIH penbeda BBICOKOTO, TIOOAIBHBIC
TeonoTeHITHAIbHBIe MoJienH, a Takke AanHbie | HCC u HuBenmupoBaHUs) OBUIO pPEIICHO
WCTIONB30BaTh Mojudukamuio (opmynsl CTOKCa METOAOM HAUMEHBIIUX KBaJpaTOB C
ammutuBHON Koppekmmerr (LSMSA), xotopast mpezacraBnsier co0oil ofuH W3 HanOojee
MPOCTHIX W TMPAKTUYHBIX TTOIXOJIOB, KOTOPBIH YCIENTHO HCIIONB3YeTCs IS ONpeesieHUs
PETHOHAILHBIX MOJIENIel Teoraa. ITOT MOAX0A 00eCIIeYuBaeT ONTUMAIIEHOE 00bEIMHEHNE
HA3eMHBIX ¥ II00ATBHBIX JAHHBIX, YTO CIIOCOOCTBYET 0OJiee TOUHOMY U HAJIKHOMY MOJIe-
JTUPOBAHUIO TEOUJIA.

KaroueBbie caoBa: momudukanuit gopmysnsl CTOKca METOJOM HAMMEHBIITHX
kBazparoB, [ TM, reoun, 'HCC/HuBenupoBaHue, OIleHKa TOYHOCTH, CPETHEKBAIPATUIHOE
OTKJIOHEHHE

Introduction

There are numerous methodologies for determining the regional geoid, each em-
ploying distinct techniques, which complicates the task of identifying the optimal method
for a given situation. The fundamental approaches for calculating the geoid model frequent-
ly involve various modifications of the Stokes formula to enhance accuracy and adapt to
specific conditions. The Stokes formula enables the determination of geoid height (N) from
gravity data:

N= 4.% J] S{Y)Agda
" (1)
where - is the average radius of the Earth, - geocentric angle, - gravitational anom-

aly, - infinitesimal surface element of integration over the unit sphere , - normal gravity on
the reference ellipsoid, - the Stokes function. The Stokes function S(y) can be expressed in
terms of Legendre polynomials P“(C&S\V) using their orthogonality properties on the sphere:

@) =Y 2R, (cosy)
n=1 (2)
The application of Stokes’ theory to calculate height anomalies relative to the refer-
ence ellipsoid encounters significant challenges:
- For the required integration, gravity anomalies must be known across the entire
Earth’s surface. However, approximately one-third of the Earth’s surface is covered by seas
and oceans. The measurement of gravity anomalies over the oceans became feasible only in
the twentieth century.
- The application of the Stokes formula assumes that all masses are located below
the geoid. However, gravity anomaly measurements are conducted on the Earth’s physical
surface, which does not coincide with the level surface. To address this discrepancy, cor-
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rections are incorporated into the measured values to effectively reposition all topographic
masses below sea level without altering the geoid surface. This ensures that gravity is relat-
ed to the level surface. This issue, extensively discussed in the scientific literature, is known
as the Earth regularization problem (Kaplan et al., 2017).

To date, one of the most prevalent methods based on the Stokes formula is the Least
Squares Modification of Stokes Formula with Additive Correction (LSMSA), also known
as the Royal Institute of Technology (KTH) method, developed by Professor Sjoberg. This
method has gained widespread acceptance due to its effectiveness in improving the accuracy
of geoid height determinations.

Materials and research methods

Least Squares Modification of Stokes Formula (LSMS) is one of the simplest and
most practical approaches that has been successfully used to determine regional geoid
models in various fields. The LSMS method integrates various heterogeneous data such as
gravity anomalies, digital high relief models, global geopotential models, and GNSS and
levelling data into a single least squares-based model. This approach ensures optimal data
integration, which contributes to more accurate and reliable geoid modelling.

The LSMSA method, also known as the Royal Institute of Technology (KTH) ap-
proach to accurate geoid determination, has been developed by Professor Lars Sjoberg since
1984 (Goyal et al., 2017; Sjoberg, 1984; Sjoberg, 1991; Sjoberg, 2003). The theoretical and
practical aspects of this method were finalised in 2006.

This method has been successfully applied in defining various regional geoid mod-
els. In history, this method was applied in the development of the Latvian geoid model. The
RMS error was 7.5 cm in the Riga area using gravimetric data and a model of the Earth’s
gravity field (Sjoberg, 2003). In another study, the LSMSA method was used to determine
the geoid in Poland, also applying LSMSA with additive corrections to compute a new
gravimetric geoid model (Janpaule et al., 2014). In addition, the LSMSA method was used
in a study to determine the geoid for the territory of Iran, although the main technique
mentioned was Molodensky’s method [(Kuczynska-Siehien, 2016). Also, the effectiveness
of the method was demonstrated in a study on the geoid of South Korea, which showed a
significant improvement in accuracy when new land gravity and GNSS/levelling data were
included (Abdollahzadeh et al., 2011). The LSMSA method has been employed for local
geoid determination by integrating spherical harmonic coefficients, gravity anomalies, and
topographic data to achieve high accuracy, this method has been successfully applied in
various regions, including Ethiopia (Bae et al., 2012), Sweden, the Baltic States (Bae et al.,
2012), and Iran (Ellmann, 2004).

The method has also performed well in areas with very complex topography and in
developing regions where gravity anomaly data are limited. This demonstrates the versa-
tility and adaptability of this method to complex conditions. The modified Stokes method
provides the approximate height of the geoid :

== J‘J‘ Sty)Agdo+ ¢ Z b, Ag5tM
n= 3)
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L —
SHW) modified Stokes function;

by modification parameters;

L - degree of modification of the core.

Using data error estimates and certain approximations (both theoretical and calcu-
lated), we proceed to compute the geoid height, referred to as the approximate geoid height.
This process is detailed in [Kiamehr, 2006).

(=)

M
—~ 2
W=c) (25— 0k—5i)(bga+eD+c ) (04 +53)(ag, + 3

n=2 n=2 4)

where &l ,e5 — are spectral errors of ground and global gravity anomalies,
respectively.

Since the true values of the error components are unknown, their estimation can be
based on some standard approaches and stochastic models.

The key factor to minimise the global RMS and reduce all relevant errors in geoid
modelling is a suitable choice of LS parameters.

The geoid model was computed for a test area bounded by coordinates:

40 < ¢ <46 latitude and 66 < ¢ <71 longitude. Calculation of height anomalies was
performed according to the block diagram of the calculation algorithm shown in Figure 1.
in the LSMSSOFT programme. (Agren, 2004).

Mean gravity
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Figure 1. Block diagram of the calculation algorithm in LSMSSOFT software (Agren, 2004)
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Geoid models for the test site were calculated using different maximum degrees of
spherical harmonics of global gravity model (GGM) coefficients and spherical integration
radii using LSMSSOFT software. Geoid model calculations included the use of XGM2019
spherical harmonic coefficients up to degrees 120, 200, 300, 400, 500, 630 with a combination
of ground gravity data error variance C(0) - 0.5, 1, 3, 6, 9, 16 mGal®> . The results are
summarised in Table 1 and Figure 2.

Table 1 Statistics of fitting the combination of spherical harmonic coefficients with error variance of ground
gravimetric data

C(0), mGal?.
16 9 6 3 1
Mmax STD RMSE STD | RMSE | STD | RMSE | STD RMSE STD RMSE
630 0,259 | 0,284 | 0,220 | 0,244 | 0,216 | 0,236 | 0,212 | 0,225 | 0,209 | 0,214
500 0,216 | 0,229 | 0,213 | 0,223 | 0,210 | 0,218 | 0,208 | 0,211
400 0,208 | 0,210
360 0,207 | 0,208
300 0,206 | 0,205
200 0,203 | 0,272
180 0,202 | 0,274
03
0,25
02
0,15
0,1
630 500 400 360 300 200 180

g ST e B W1 SE

Figure 2 - Graph of statistic change with decreasing degree of GGM with error variance of ground gravimetric
data C(0)=1 mGal?

Based on the obtained results, value matrices were utilized as inputs for the final
version of the model:

- Combination of terrestrial gravimetric - Digitized gravity maps and
WGM2012 data;

- Harmonics of the global gravity model - XGM2019;
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- Digital elevation model - GLO30.

The initial parameters for calculating the modification parameters were:

- Degree of modification L=M=300;

- Error variance of ground gravimetric data C(0)=1 mGal?;

- Integration cap size y=1".

The preliminary model of the geoid is given in Figure 3, Geoid heights for a given
area vary in the range from -44 till -33 meters.

46°N

45°N

44N

43°N

2N

4I°N

40°N

| Ny LSMS

677 68°E 69°E 0°E TI°E

Legend
| Turkestan region syrdarya

Contour interval is 0.5 m

W 33200

W3
W w07 L 1:3 000 000
9] i £ TS e

| . .
67°E B8 B69°F

Figure 3 - Approximate geoid heights without Napp corrections (first approximation model)

Additive corrections. When using Stokes’ formula to define the geoid, it is crucial to
ensure that there are no external masses beyond the geoid and that gravity data is reduced to
sea level. However, the existence of topographic and atmospheric masses above the geoid
requires the addition of specific corrections to satisfy these conditions.

The computational procedure for estimating the final geoid height can be performed
using the following formula:

®)

where 0- is a combined topographic correction that includes the sum of the direct
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and indirect topographic effects on geoid height, § - downward continuation effect, - is
a combined atmospheric correction including the sum of direct and indirect atmospheric
effects, and 6 - ellipsoidal correction for the spherical approximation of the geoid in the
Stokes formula to an ellipsoidal reference surface.

Additive corrections for the geoid model were also calculated using LSMSSOFT.
The calculation results are shown in Figure 4.

65 67 65 69°E 0°E TIE 66°E 67 65 69°E T0E TE

¥

46N

5N

41N

Legend
7] Turkestan region

 Contour interval is 0.0 m
N,

Legend
Turkestan region
Contour interval is 0.01 m

£ :ﬂﬁfemr’!rzplur correction, N, § S :
W o6 o W 0203 St = | 13 000 000 ]
0 oE RRE o0 e e e
a) Combined topographic correction b) Correction for analytical continuation down-
wards
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Atmospheric correction. Ny,
W 00036

N
40N

W 00000 W o000

e

66°F 66°F 67 65°E 0 0E 7%

c) Ellipsoidal correction d) Combined atmospheric correction

Figure 4 - Corrections to approximate geoid heights using the

a) topographic correction, b) correction for analytical downward continuation, c) ellipsoidal correction, d)
atmospheric correction.

The topographic correction, illustrated in Figure 4a, ranges from -1.9671 m to
-0.0004 m, with a mean value of -0.059 m and a standard deviation of 0.175 m. The mini-
mum value of the DWC reduction is -0.458 m, the maximum is 1.102 m, the mean is 0.003
m, and the standard deviation is 0.068 m, as shown in Figure 4b. The ellipsoidal correction,
depicted in Figure 4c, varies from -1.2 mm to 0.2 mm, with a mean of 0.19 mm and a stan-
dard deviation of 0.145 mm. The atmospheric correction across the study area is minimal,
with values ranging from 0.1 mm to 4.2 mm, a mean of 0.48 mm, and a standard deviation
of 0.55 mm, as shown in Figure 4d. The overall correction values for the test area have a
minimum of -1.822 m, a maximum of 0.031 m, a mean of -0.062 m, and a standard deviation
of 0.15 m.

Figure 5 illustrates the outcomes of the calculations performed using the Least
Squares Modification of Stokes formula with additive corrections, the geoid model for the
test area that covers an expanse exceeding 110,000 km?.
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Figure 5 - Height of geoid according to the method of Modification of Stokes formula by the method of least

squares, N, ¢

The calculated geoid heights at the test site using the LSMS method range from
-48.244 m to -32.776 m, with a mean of -40.405 m and a standard deviation of 2.210 m.

Results

The accuracy of the geoid model was assessed by interpolating heights to GNSS/
levelling control points. Statistics of deviations N .. -N which are indicators of

: . geoid GNSS/Lev 2
model errors at control points, are presented in Tables 2, 3.

Table 2. Statistics of differences between geoid heights N, and N___ obtained from different calculation

GNSS/lev Geoid,
methods (unit, m)
Methods | Min Max Mean STD RMSE
Niows -0,8134 | 0,3799 0,0002 0,2061 0,2052
Neou -0,8269 | 0,3992 -0,0156 | 0,2039 0,2035

Table 3: Range of values of geoid height differences N and Ng_,, (unit, %)

GNSS/lev
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GGM <-04m | <-03 S l<0im| <om | <01m | <0,2 S |<oa
= AM x ’ M ‘O,ZM x 7 M x M x 7 M = ’ M 0,3M x 7 M
Ny 7,48 093 | 187 | 654 | 158 | 4393 | 1589 | 467 | 2,80
N, 7,48 093 | 187 | 561 | 2056 | 4393 | 1402 | 374 | 1,87

Table 3 shows that more than 75% of the points accuracy lies between -0.1 and 0.2,
which shows good convergence.

The accuracy of a gravimetric geoid model is typically evaluated using statistical
measures such as standard deviation (STD) and root mean square error (RMSE). These
metrics quantify the discrepancies between the gravimetric geoid model and the geomet-
ric geoid model, providing a rigorous assessment of the model’s precision (Pa’suya et al.,
2022). By estimating the RMS values of the differences and considering the error ranges,
the best solution for the gravimetric geoid model can be found. However, direct compari-
son of geoid models may not be feasible due to the presence of possible systematic errors
(i.e., biases). The offset and slope of the raw data in the coordinate directions of the global
system axis, representing the zero- and first-degree harmonics, are missing parameters of
the gravimetric geoid. Various corrective surface models can be used to account for these
systematic errors.

Table 4 - Statistics after application of the correction surface for geoid heights using the method V', .

After correction
Method | Statistics Before .
correction 5 7
4 parameters
parameters | parameters
Min -0.813 -0.732 -0.737 -0.694
Max 0.380 0.413 0.419 0.450
NLSMS
Mean 0.0002 -9.47e-07 2.88e-11 -3.59e-09
STD 0.206 0.201 0.199 0.195

The standard deviation of the adjusted residual values is conventionally regarded
as an external metric for assessing the absolute accuracy of the geoid model. Table 4 pres-
ents a detailed statistical analysis of the results obtained by applying correction surfaces to
the computed geoid model.

Conclusion

For the initial calculation of the local geoid for the test area, the Least Squares
Modification of Stokes’ formula with Additive corrections (LSMSA), also known as the
KTH-method developed by professor L Sjoberg, was employed. To mitigate systematic er-
rors between gravimetric geoid heights and those derived from GNSS/levelling, four-pa-
rameter, five-parameter, and seven-parameter models were utilized. Among these, the
seven-parameter model demonstrated the highest accuracy, achieving a reduction in the
standard deviation by approximately 1 cm. The accuracy evaluation results showed that the
method has an accuracy of 0.195 m, indicating that careful selection of data and internal cal-
culation parameters is required. In the LSMSA method, the accuracy of the results obtained
was affected by the selection of modification parameters. It was found that the earth gravity
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data error was the main parameter affecting the accuracy of the LSMSA method. This indi-
cates that it is necessary to evaluate the accuracy of gravity data. Improving the density and
accuracy of terrestrial gravity data can be an effective way to improve the accuracy of the
geoid model using this method.

The development of local geoid model will allow to further scale the results of
research work throughout the country and introduce the methodology of building a geoid
model in public and private organisations engaged in the development and use of spatial
data. Since officially there are no working analogues on the territory of Kazakhstan, the
developed model is relevant and competitive within the country.
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