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The scientific journal News of the National Academy of Sciences of the Republic of Kazakhstan,
Series of Geology and Technical Sciences has been indexed in the international abstract and citation
database Scopus since 2016 and demonstrates stable bibliometric performance.

The journal is also included in the Emerging Sources Citation Index (ESCI) of the Web of Science
platform (Clarivate Analytics, since 2018).

Indexing in ESCI confirms the journal s compliance with international standards of scientific peer
review and editorial ethics and is considered by Clarivate Analytics as part of the evaluation process
for potential inclusion in the Science Citation Index Expanded (SCIE), Social Sciences Citation Index
(SSCI), and Arts & Humanities Citation Index (AHCI).

Indexing in Scopus and Web of Science ensures high international visibility of publications,
promotes citation growth, and reflects the editorial board’s commitment to publishing relevant,
original, and scientifically significant research in the fields of geology and technical sciences.

«Kazaxcman Pecnybnuxacel ¥immulx 2vlieim akademuscvinvly Xabapnapul. [eonocus wcomne
MEXHUKANBIK  bLILIMOAD Cepuschly eblivlmu dcypuanst 2016 dceinoan 6acman Xanelkapanwlk
peepamusmix JHcaHe EbLILIMUMEMPUATLIK Scopus 0epeKKOPbIHOA UHOEKCmeneol JHeaHe mypaKmol
OUOTUOMEMPUATBIK KOPCemKiumepoi Kepcemin Keneoi.

Convimen kamap ocypran Web of Science naamgpopmacwinviy (Clarivate Analytics, 2018)
Xanvikapanvli peghepamusmix sicamne Haykomempusnwlx oepekkopwl Emerging Sources Citation Index
(ESCI) mizimine eneizineen.

ESCI 0epexkopuvinoa unoekcmenyi scypHAIO0bIH XATbIKAPAbIK SbLILIMU PeYEH3UANAY MATAnmapvl
MeH pe0aKyusIblK SMUKa CMaHoapmmapviia catikecmiein pacmatiosl, conoati-ax, Clarivate Analytics
Komnauuscel mapanvinan oaceiivimovt Science Citation Index Expanded (SCIE), Social Sciences
Citation Index (SSCI) owcone Arts & Humanities Citation Index (AHCI) depexkoprapvina ewneizy
Kapacmulpuliyod.

Scopus  owcone Web of Science Oepexkkoprapvinoa uUHOEKCMENYi  HCAPUATAHBIMOAPOLIH
XanvlKapanvlk 0eyeelioe Heo2apbl CYPAHbICKA ue OOIYbIH KAMMAMACHI3 emeoi, O1apObly 0UeKCos Ay
KopcemKiwimepiniy apmyusina viknan emeoi Jcane pedaKyusiblK alKanbly 2e0n02us MeH MeXHUKATbIK
SBLILIMOAD CANACHIHOA&bL ©3eKMmi, Oipecell JiCoHe EbLIbIMU MYPEbIOaH MAHbI30bl 3epmmeynepoi
JCapuAnay2a YMmuliblColH AUKbIHOALObL.

Hayunwiii sicypran « News of the National Academy of Sciences of the Republic of Kazakhstan, Series
of Geology and Technical Sciencesy c 2016 2o0a undexcupyemcs 6 mesncoyHapooHoll pepepamusHol
u Haykomempuueckou 6aze Oanuwvix Scopus u OeMOHCmpupyem cmabuivHvle OubIUOMempuiecKue
nokasamern.

JKypHan maxaice 8KIHOUEH 6 MENCOYHAPOOHYIO pedhepamueHyio U HAYKOMEmPUYecKyro 6azy OaHHbIX
Emerging Sources Citation Index (ESCI) nramgopmer Web of Science (Clarivate Analytics, 2018).

HUnoexcuposanue ¢ ESCI noomeepoicoaem coomeemcmeue HCYPHALA MENCOYHAPOOHBIM
CMAHOApMam HAyUHO20 PEYeH3UPOBAHUS U PEOAKYUOHHOU IMUKU, d MAKIHCE PACCMAMPUBAEMCS
xomnanueu Clarivate Analytics 6 pamkax oanvHetiue2o exkarouenus uzoanus 6 Science Citation Index
Expanded (SCIE), Social Sciences Citation Index (SSCI) u Arts & Humanities Citation Index (AHCI).

HUnoexcuposanue 6 Scopus u Web of Science obecneuusaem 6bICOKYIO MeHCOYHAPOOHVIO
80CcmMpebosaHHOCMb  NYOIUKAYULl, CHOCOOCMEYem pocmy YumupyeMocmu u noomeepicoaen
cmpemaerue pedaKyuoHHOU Koate2uu nyOIuKo8anms akmyaibHble, OPUSUHATbHbIE U HAYYHO 3HAYUMbLE
UCCIe008AHUS 8 0OIACTIU 2€002UU U MEXHUYECKUX HAVK.
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Abstract. Non-Newtonian fluids are very common in oil field development
and enhanced oil recovery (EOR) methods. The Herschel-Bulkley model is one
of the most general and complex models that describe the flow of non-Newtonian
fluids. While single-phase and multiphase flows of simple types of non-Newtonian
fluids like the Bingham plastics and Power-law fluids in porous media has been
deeply studied in the previous literature, the immiscible displacement of Herschel-
Bulkley fluids by other Herschel-Bulkley fluids has remained underexplored. This
study is an extension of the Buckley-Leverett theory that analytically describes the
mentioned displacement processes assuming steady-state, incompressible flow in a
linear homogeneous reservoir.

The proposed mathematical model uses a modified Darcy law for non-
Newtonian fluids and Corey correlations to construct the fractional flow curve and
its derivative by saturation. The impact of various non-Newtonian parameters, such
as power-law index, consistency index and the initial pressure gradient of both the
displaced and the displacing fluids on the fractional flow curve and its derivative
is investigated. Then such reservoir development efficiency indicators as total oil
production, sweep efficiency, displacement efficiency and oil recovery factor are
calculated.
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It is concluded that the increase of power-law index, consistency index
and initial pressure gradient of the displacing fluid, and the decrease of those
parameters for the displaced fluid leads to maximum development efficiency. The
calculations have also shown that most of the extractable resources are produced
before breakthrough, and the time required to produce all extractable resources is
significantly higher than the breakthrough time.

Keywords: Non-Newtonian fluids, Herschel-Bulkley model, Buckley-Leverett
theory, Flow in porous media, Fractional flow theory, Immiscible displacement
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AnHoTauusa. HbIOTOHABIK e€Mec CYHBIKTBIKTap MYHail-ra3 KeH OpbIHAapbiH
urepy OapbIChIHIIA JKoHE MyHail eHmipyni aptTeipy (EOR) omicrepinme keHiHeH
Konganeanel. lepmens—bankim moneni HbIOTOHABIK eMec CYHBIKTBIKTApIIbIH
aFbICHIH CUMATTAWTBIH €H KaJIbl 9pi KypAesl MoJenbAepIiH 0ipi 00JbII Ta0bLIA b
Keyekri oprana bunram miacTUKTepi MEH A9pEKelNiK 3aHFa OarblHATBIH (pOower-
law) CyMBIKTBIKTAp CHSKTHI HBIOTOH/IBIK €MeC CYHBIKThIKTApABIH Oipdha3aibl KoHe
KeI(asasl aFbIHAAPHI OYPBIHFEI 3€PTTEYIEPC KAH-)KAKThI KAPACThIPbIIIFaHBIMEH,
I'epmiens—bankmm cyWBIKTBIKTapBIHBIH Oacka [epriens—bankim cyWBIKTBIFRIMEH
apajaciaiThiH BIFBICTBIPBUTY YIEpicTepl JKETKUIIKTI JeHreiae 3epTTelIMEercH.
Artanran 3eprrey bakmu—JleBepeTT TEOpMSCHIHBIH AaMybl OONBIN TaObLIa bl
JKOHE CBI3BIKTHIK OIpTEKTI KabarTa OpPHBIKKAH (CTAIlMOHAPIIBIK) CHIFBUIMANHTBIH
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aFblH JKarJaiblHIA KOpCETUIreH BIFBICTBIPY YIAEpPICTepiH aHAINTHKAIBIK TYPIE
CHUIaTTayFra OarbITTaJFaH.

YCBhIHBUIFAH MaTeMaTUKaNbIK MOAeNb HBIOTOHABIK eMec CYHWBIKTBIKTapra
apHasiraH Jlapcu 3aHBIHBIH MOIM(UKANWsUIaHFaH TYpiH, ylecTik arbiH (fractional
flow) KUCBIFBIH jKOHE OHBIH KaHbBIFy OOMBIHINA TYBIH/BICHIH KypacThIpy yuria Kopu
KOppeJsIUsIIapbIH KosjanyFa HerizaenreH. COHbIMEH KaTap bIFBICTHIPBUIATHIH KOHE
BIFBICTBIPYIIBl CYWBIKTBIKTAPABIH OpTYpii HBIOTOHIBIK emec mapaMeTpiepiHiH,
aTam aiTKaHIa JoPEKeTiK WHIACKCIHIH, KOHCUCTCHIIUS WHEKCIHIH KOHE OACTaIKBI
KBICEIM TPaJMCHTIHIH YJICCTIK aFbIH KHCHIFBIHA KOHE OHBIH TYBIHIBICHIHA OCEpi
3epTTENE/I.

OpnaH opi KadaTThl UTepy THIMIUTITIHIH HETi3Ti KOPCETKIITEpi PeTiH/Ie Kbl
MYHail OHIpYy KeJeMi, KAMTY THIMJIUTITI, BIFBICTBIPY THIMJLIITI )KOHE MYHal Oepy
ko3¢ dunreHTi ecenteneni. 3eprrey HOTHKEJEP] BIFBICTBIPYIIBI CYHBIKTHIKTBIH
JIOPEIKEITIK WHACKCI, KOHCUCTEHIIMS MHJEKC] JKOHE OacTamKbl KbICBIM TPaJUeHTI
apTKaH >Karjainma, anm Oyl mapaMmeTrpiep BIFBICTBIPBUIATBIH CYMBIKTBIK YILIiH
KeMireHie, urepy THiMAUTITiHIH €H KOFapbl MOHJIEpiHE KO KETKi31JIeTiHIH KOPCETTI.
CoHBIMEH KaTap ecenTey HOTHKENepi eHAIPUIETIH pecypcTapablH OackiM Oemiri
ceprinicke (breakthrough) neiiin ajdbIHATHIHBIH XKOHE OApIIBIK OHIIPYTE JKapaMabl
pecypcTapabl TOJNBIK UTepyTe KETEeTiH yaKbIT CEPIIIIC yaKbITHIMEH CalbICThIpFaH/Ia
emoyip y3aK OO0JIaTHIHBIH AHBIKTAIBI.

Tyiiin ce3nep: HbIOTOHIBIK emec CYHBIKTBIKTap, [epmrens—bankmm momeni,
baknu—JleBepeTT TeopHsChHl, KEYeKTI OpTalarbl arblH, YJIECTIK afblH TEOPHSACHI,
apanacHalThIH BIFBICTHIPY
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AHHOTAauMs. HEHBIOTOHOBCKHE >KHMJKOCTH LIMPOKO PACIPOCTPAHEHBI IPU
pa3zpaboTke HEPTAHBIX MECTOPOXKIEHUN M TPHUMEHEHHH pPa3IMYHBIX METOJOB
noBeIeHUs HedTeoTaaun. Moaens [epriens-bankiu sinsieTcs ofHOM 13 HanboIee
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O0IIMX M KOMIUICKCHBIX MOJIEJICH, ONMCHIBAIOIIMX TEUCHHUE HEHBIOTOHOBCKHX
XKHUAKOCTEH. B To Bpems kak omHogazHas 1 MHOTo(a3Hast (pUIBTparyst MpoCThIX
TUIIOB HEHBIOTOHOBCKHX KHUIKOCTEH B MOPUCTOM cpefie (HanpruMep, OMHraMOBCKUX
IUTACTUKOB M )KUKOCTEN, HOAUMHSIOLINXCS CTEIICHHOMY 3aKOHY ) IOZAPOOHO U3yUeHa
B JIMTEparype, HECMEIIMBAIOLIEECS BBITECHEHME xkuaxkocren [epumiens-banxim
ocTaéTcsi HEIOCTAaTOYHO HccieqoBaHHbIM. Hacrosmas paboTta mpeacraBiseT
coboit pacmmupenne Teopun bakmu-JleBeperTa, KOTOpas aHATUTUYCCKH OMTUCHIBACT
MPOLECChl BBITECHEHUS! TNPH NPEANOIOKEHUH YCTAaHOBUBILEHCS (UIbTpanun
HEC)KMMAeMOMW KUJIKOCTU B JINHEMHOM OZHOPOAHOM KosuiekTope. [lpemioxenHas
MareMaThyeckass Mojeidb OCHOBaHa Ha MoAU(HUUIUpOBaHHOM 3akoHe Jlapcu
JUIs HEHBIOTOHOBCKHX JKHUAKOCTEH M Koppemanusax Kopu, HCIoab3yeMbIX
JUISL TIOCTPOCHUS KPUBOW (DPAKIMOHHOTO TMOTOKA H €€ MPOU3BOIHOM 110
BOJIOHACKIIIEHHOCTH. MccnmenyeTcst BIMsSHHME HEHBIOTOHOBCKHX IapaMETPOB
- CTETNEeHHOTO WHJEKCa, WHJEKCa KOHCHUCTEHIIMM W HaA4aJbHOTO TpajneHTa
JIaBJIEHUS] - KaK JJIsl BBITECHSEMOW, TaK W JJS BBITECHSIOLIEH JKUAKOCTH, Ha
KpUBYIO (PAaKLMOHHOIO IOTOKAa M e¢ NpOM3BOAHYIO. Jlanee paccuuThIBAIOTCS
nokazaren 3(Q(HEeKTUBHOCTH pa3paOOTKH TIacTa, BKIIOYas CyMMapHYIO JTOOBIYY
He(TH, 3PPEeKTUBHOCTE 0XBaTa, d(P(PEKTUBHOCTH BBITECHEHUS W KOA(PPUIIHESHT
n3pneueHuss Hedru. IlokazaHo, 4To yBelIMUYEHHE CTEMEHHOTO WHIEKCa, MHAEKCa
KOHCHUCTEHIIMM M HA4yaJbHOTO I'paJMEHTa JABJIECHUS BBITECHSIONIEH >KMIKOCTH, a
TaKXKE CHIKEHUE 3THX IapaMeTpPOB Ul BBITECHAEMON >KUAKOCTU 00ECIICUNBAIOT
MaKCHMaJbHYI0 3((GEKTHBHOCTD pa3paboTKu. Pacu€Tel Takke HEMOHCTPUPYIOT,
YTO OCHOBHAS YaCTh U3BJIEKAEMbBIX PECYPCOB J00BIBAETCS 10 IPOPBIBA, TOTIA KaK
BpeMs, He0OXOIMMOE JUIsl MU3BJICUECHUS] BCEro o0bEMa H3BJIEKAEMBIX PECYpPCOB,
CYLIECTBEHHO MPEBBIIIAET BPEMSI IPOPHIBA.

KiroueBble €j10Ba: HEHBIOTOHOBCKHE >KMAKOCTH, Mojenb [epuens-bankim,
teopust baknu-JleBeperTa, QuiIbTpaLus B IOPUCTOH cpelie, Teopus PpaKOHHOTO
[TOTOKA, HECMEIINBAOIIEECS BEITECHEHUE

Introduction. Non-Newtonian fluids are very common in oil field development.
Most of the oil reserves in the world today are considered unconventional reserves,
which include non-Newtonian oils (Yatimi et al., 2024). Such oils are also known
as heavy oils, and they usually do not flow immediately after the pressure gradient
exceeds the value of zero. Instead, in order for the flow to occur for such oils the
pressure gradient needs to exceed a certain value that is dependent on the property
called yield stress. Such oils may be described by the Bingham model (Sun et al.,
2024). Polymer solutions that are usually injected into an oil reservoir to enhance
the oil recovery are also considered non-Newtonian and can be described by the
Power-Law model (Yao and Ge, 2011). On the other hand, foams that are also used
in EOR methods, some fluids used in hydraulic fracturing and some drilling muds
can be described by the Herschel-Bulkley model (Balhoff et al., 2011). Other use
cases of non-Newtonian fluids include injection of cement in soils and penetration
of glue in porous substrates.
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Immiscible flow of two or more fluids in porous media is quite common in
subsurface systems. Compared to single phase flow, the multiple-phase flow
is much complex and not fully understood. The fundamentals of understanding
multiphase flow in porous media were established by Buckley and Leverett in their
fractional flow theory (Muhammad and Moataz, 2022). Later, a graphical method of
determination of average displacing fluid saturation based on the Buckley-Leverett
theory was proposed by Welge (Civan, 2011). While most of the studies on the flow
of non-Newtonian fluids in porous media have focused on single phase flow, some
authors have also studied multiphase flow of non-Newtonian fluids.

In the work (Wu et al., 1991), an immiscible displacement of a Newtonian fluid
by a non-Newtonian power-law fluid has been studied. The practical use case of this
study is injection of polymer solutions (which are usually power-law fluids) into
a reservoir that contains Newtonian oil. The authors have proposed an analytical
extension of the Buckley-Leverett theory for power-law fluids by using a modified
Darcy law and have analyzed this flow in a linear reservoir. In the work (Pruess
and Wu, 1996), multiphase flow of non-Newtonian power-law and Bingham fluids
in porous media has been studied using a numerical simulation method in 3D. A
five-spot system with 4 injection wells and 1 production well has been considered.

In the work (Ter Haar, 2018), an injection of non-Newtonian power-law foams
using the surfactant-alternating-gas (SAG) method has been considered. The
authors also extended the Buckley-Leverett theory; however, they have analyzed
injection in a circular reservoir instead of a linear one. In (Huang et al., 2017), an
analytical solution describing a non-Darcy displacement of Newtonian fluid by a
non-Newtonian power-law fluid in a linear reservoir is presented. The non-Darcy
flow is described by the Barree-Conway model (Barree and Conway, 2009) and it
is useful when describing the flow of fluids in porous media at very high flow rates
when deviations from the Darcy law can be observed (Bear, 2013).

The aim of this work is to extend the Buckley-Leverett theory in order to
analytically describe the immiscible displacement of one non-Newtonian Herschel-
Bulkley fluid by another Herschel-Bulkley fluid in a linear reservoir, which, to our
best knowledge has not been considered yet in previous literature. Our goal is to
study the effect of various Herschel-Bulkley model parameters (for both displacing
and displaced fluids) on the efficiency of oil extraction. The proposed analytical
model offers a flexible framework for analyzing oil displacement processes, as it
can be easily adapted to represent Newtonian, Bingham, or Power-Law fluids by
adjusting the Herschel-Bulkley model parameters.

Materials and methods. In a cross section of a linear reservoir where immiscible
displacement of 1 fluid by another takes place, both fluids are present (meaning
that multiphase flow occurs), but they do not mix and each of them has their own
saturation which affects the velocity at which they flow. Therefore, the Darcy
velocity of each fluid has to be modified in such a way that it takes into account
multiphase flow. This is done by including relative permeability of each fluid in the
Darcy law, so that for the displaced fluid it becomes (Wu, 2016):
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_ kk,,dE,
vl? - F'E. ax’ (1)

where k is the rock absolute permeability, i, is the Viscosity of the displaced

fluid, k,., is the relative permeability of the displaced fluid, and —= is the pressure
gradient of the displaced fluid. Similarly, for the displacing fluid we get:

_ kk,,, 9F,
Py = — . A 2)
In a linear reservoir, the flow rates of each phase become:
— 4 kk., OF,
Qo - i, Ax 4 (3)
kk. dBE,_
L =—A——
@ n, ox (4)

where A stands for the cross-sectional area of the linear reservoir. The total flow
rate through the cross-sectional area of the reservoir can be expressed as:

Q. =Q, +@Q,- ()

Taking into account the aforementioned equations, we can do the following
transformation:

aF
QW(H“ L )=Qrﬂo+ﬂ :

kk,,  kk,,) kk,, = ox' ©)
where 2% is the capillary pressure gradient and is defined as:
dx
dF, dF, BF‘
dx dx ox )

The capillary pressure stands for the pressure difference at the border of 2 phases
which are separated by a curved surface. The capillary pressure is proportional to
the surface tension between 2 phases, and reverse-proportional to the radius of the
capillary (Fanchi, 2006). In general, the average capillary pressure in the reservoir
depends on the saturation of the wetting phase in each part of the reservoir. If
this saturation is small, then the wetting phase occupies firstly the smallest pores
(capillaries of the smallest radius) and that is why the average capillary pressure
becomes higher. When the saturation of the wetting phase increases then it also starts
occupying bigger parts, and as a result, the average capillary pressure decreases.
Therefore, there is a reverse-proportional relationship between the wetting phase
saturation and the capillary pressure (Ahmed, 2019).
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In this work we assume that the displacing fluid is the wetting phase. A typical
profile of displacing fluid saturation during immiscible displacement looks as

shown on Figure 1. A typical relationship between the wetting phase saturation and

the capillary pressure in a reservoir is shown on Figure 2 (Ahmed, 2019). Here Swe

stands for the residual (not displaceable) saturation of the reservoir with the wetting
phase. 5, stands for the residual saturation of the non-wetting phase. Therefore,
the term 1 - 5, stands for the maximum achievable saturation of the displacing
fluid. 5., stands for the saturation of the displacing fluid at the displacement front.
The capillary pressure gradient can be expressed as follows:
dP, dP,ds,
ox  dS, dx ®)

Therefore, by knowing the relationship between the capillary pressure and
wetting phase saturation and the distribution of the wetting phase saturation in the
reservoir, we can find the capillary pressure gradient. The relationship between the
capillary pressure and the wetting phase saturation is often displayed with the help
of a function called Leverett J-function (Armstrong et al., 2019):

P.(S,) E 9)
acost ‘Nll @'

I1(5,) =

where @ is rock porosity, & is the surface tension, & is the contact angle, J(S,,)
is the J-function that is determined empirically for a rock sample taken from
the reservoir. Based on the experiments, a relationship between 5, and J (Sw)
is obtained and after that the relationship between the capillary pressure and the
wetting phase saturation is obtained.

Y

|
X X — X,

Figure 1 — Typical saturation profile of displacing fluid in reservoir.
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S s,—  1-S,

Figure 2 — Typical relationship between capillary pressure and saturation of displacing fluid.

Let’s denote the fractional flow of displacing fluid by the symbol f,, at any point
in the reservoir. It is defined as:

_ @  _Q
T 10
By using equation (6) we get:
P o %i (1)

The distribution of displacing fluid saturation in the reservoir, and therefore the
a5, .

term X can be determined from the Buckley-Leverett theory (Muhammad and

Moataz, 2022), where it is assumed that each displacing fluid saturation value has its

own velocity of moving towards the other end of the linear reservoir and saturation

is considered to be reversely proportional to this velocity. Mathematically, this is

expressed as follows (Ahmed 2019):

( w) = A¢d5{ ). (12)

Integration of equation (12) leads to the following'
1 df, ¢ W, d
x(5,) =——-(5, =—— 1
() = 25 () [ Qur= 122 cs,), 13)
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where Wi is the total injected volume of displacing fluid at a certain time moment.

The physical meaning of equation (12) is that the velocity :_': (S,) of a certain
saturation increases with the increase of derivative of fractional flow by saturation
for this saturation. Equation (13) shows the current position of a certain displacing
fluid saturation in a linear reservoir. The relationship between the fractional flow
derivative by saturation from saturation usually looks like an example shown on
Figure 3 (a). On the other hand, Figure 3 (b) shows the relationship between the
coordinate x and the saturation, which is built based on the equation (13) (Ahmed,
2019).

It is important to note that according to the Buckley-Leverett theory, the
displacing fluid saturation on the displacement front cannot be less than the

d fir
saturation that corresponds to the inflection point of the curve ﬁ (Sw). This is
related to the fact that if such values of saturation were allowed, then 2 different
values of saturation would have corresponded to the same coordinate x, which is
physically not possible. That is why, in Buckley-Leverett theory, the displacement
front saturation is determined by marking 2 equal areas A and B, as Figure 3 (b)
shows.

V adfw

swd_Sw

(a) (b)

A,P, | e

Figure 3 — Typical relationship between fractional flow derivative and saturation of displacing
fluid (a); Determination of saturation at the displacement front according to the Buckley-Leverett
theory (b)

In order to construct a relationship between the derivative of fractional flow by
displacing fluid saturation and displacing fluid saturation, we first need to find the
relationship between fractional flow and displacing fluid saturation, which can be
obtained from equation (11). For this we need to express the relative permeabilities
k. and k., through the displacing fluid saturation. The increase of saturation of
the displacing fluid increases its relative permeability and decreases the relative
permeability of the displaced fluid. There are many empirical relationships that
relate the displacing fluid saturation to the relative permeabilities of phases in

. . . . ar. .
multiphase flow. The much more problematic part is expressing the term a—; in
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equation (11) through saturation. As shown before the term Zi can be expressed as

dP; 85,

as,, dx - 1hen we could have found the term P _? = from equation (9) by knowing the
u

relationship between the saturation and the J-function. However, the problematic

part is the term ai. The problem is that in order to determine the distribution of
X

d
displacing fluid saturation in the reservoir we need to know the value of d; which
we are trying to find. This strongly complicates finding an analytical solution for
this problem. Due to this fact, from this point, in this work we will assume that
the capillary pressure gradient is very small so that it can be ignored. Generally
speaking, it is a quite justified assumption, especially in points with high wetting
phase saturation. Several authors in previous literature have also assumed capillary
pressure to be negligibly small (Ahmed, 2019; Luis et al., 2022). In other words,
we will assume that:

dP, 4B, OdP
dx dx  dx (14)

As a result, for the case when both the displacing and displaced fluids are
Newtonian we would get the following equation for the fractional flow:
1
fo=—"7— 15
s Wki"'ﬂ ( )

Hor
1 + P:r:-k:lw

Using equation (15) and the empirical relationship between the displacing
fluid saturation and the relative permeabilities, we can construct a relationship
between fraction flow and the displacing fluid saturation. This would allow to find
the relationship between the derivative of fractional flow and the displacing fluid
saturation, and therefore, to use the Buckley-Leverett theory to find important
reservoir development parameters, such as current position of the displacement
front, total oil production and etc.

Now let’s determine the modified Darcy law for multiphase flow of Herschel-
Bulkley fluids. As mentioned before, we assume that both the displacing and the
displaced fluid are non-Newtonian fluids that can be described by the Herschel-
Bulkley model. A practical use case for this could be the displacement of a non-
Newtonian oil by a polymer solution. For single phase flow on Herschel-Bulkley
fluid in porous media, the following modified Darcy law is most commonly used
in literature, which also aligns well with the experiments (Sanchez-Vargas et al.,

2023):
1

)
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where G, is the initial pressure gradient, n is the power-law index, K.y is the
effective viscosity. The initial pressure gradient stands for the minimal pressure
gradient that needs to occur in the fluid in order for it to start moving. The power-
law index is a coefficient that takes into account non-linear relationship between
shear stress and shear rate for some non-Newtonian fluids. For the flow to occur the

pressure gradient Z—f needs to exceed the value of Gy. The initial pressure gradient
Gy can be determined experimentally, however, several empirical correlations
and analytical formulas have been proposed in literature for its determination. For
instance, experiments conducted in the work (Gafarov and Shamaev, 2005) have
shown that for sands the value of G can be determined as (SI units used — Gy is
measured in Pa/m):

_ 0.0521,
Gy = 062 (17)

and for carbonate rocks as:
B 0.0031,
Gy = L1596 ° (13)

Here To represents the yield stress of the non-Newtonian fluid. The effective
viscosity is determined from the formula:
1-n

K’ 3 n 1-n
Bop = E(9+H) (150k¢) 2, (19)

where K stands for the consistency index, which is 1 of the 3 key parameters of
the Herschel-Bulkley model and @ is the porosity.

Now we need to modify the equation (16) to account for the multiphase flow
and express it in terms of the pressure gradient. As a result, for the displaced fluid
we get:

dP v, e, .
dx % ' kk,, (20)

For a linear reservoir the Darcy velocity of the displaced fluid can be expressed

as follows:

Q ng
v, "o = ,qﬂn.: . (21)
By inserting equation (21) into equation (20) we get:
Qr_‘,\ ng Hafu
—dP = Gy, dx + m dx. (22)

257



ISSN 2224-5278 1.2026

In this case we assume that:
dP B AP

- g L (23)

This linear approximation of the pressure gradient is valid since steady-state is

assumed and the reservoir is considered linear. 47 corresponds to the difference
between pressures at both ends of the linear reservoir and L is the length of the
reservoir. Then we get:

Qﬂ ?!DFEI_
AP =G, L+—F"L. 24
Uy Arokk,, (24)
By solving for the flow rate of the displaced fluid we get:
1
AP — G, L)kk, \" 25
Q=4 ([ o.L) ) . 25)
FﬂfnL
Similarly for the displacing fluid we get:
1
(&P =G,y L)kk,, \™ (26)
Qw - A .
Fﬂwa
Then the fractional flow equation would look as follows:
(AP — Gy, L)kkyy, \™
f _ Qw _ ‘uewa (27)
YU Qwt Qo - =

<(AP - GOWL)kk,W>nw N <(AP - GOOL)kkT,))"o

ﬂefWL /‘efoL

Incase if Gg , = 0, Gy, = 0,1, = 1,1, = 1then equation (27) becomes the
same as equation (15). The analysis of equation (27) shows that the only variables
that change in the direction of flow are the relative permeabilities k., and k.,
. In this case the effective viscosities should also be modified to account for the
multiphase flow as follows:

Kﬂ. gy J-;:’n_
Hep = E(? + E) (150kk, @) 2 , (28)

K g

i 3 4w 1-ny
=29 —) 150kk._. 2
Fa_fw 12 ( + n, [ :l'w¢] (29)

The relative permeabilities can be expressed as functions of only displacing
fluid saturation, which on the other hand, is a function of coordinate x and time.
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Several empirical correlations exist that show the relationship between relative
permeabilities during multiphase flow and displacing fluid saturation. It is important
to note that conducting in experiment in a laboratory for a specific rock sample
taken from the reservoir in order to determine the relative permeability curves is
always more accurate than using an empirical correlation, however, such conditions
are not always available. In this work we are going to use the most commonly
used empirical correlation known as the Corey correlation (Goda and Behrenbruch,
2004). According to this correlation, the relative permeability of the displaced fluid
is determined as follows:

S — Swet’ S — Spe\’
krﬂ =(l_ W WE) 1_( W WE) . (30)
1-35,. 1-5,.
The relative permeability of the displacing fluid is determined as:
Sy = S
K = (—“ “) : 31)
l - SWG

In this work we assume that 3. = 0.1. In that case, the relative permeability
curves, constructed based on equations (30) and (31) would look like Figure 4
shows:

1.0 — k_rel (oil)
k_rel (water)

0.8

0.6

K_rel

0.4

0.2

0.0

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Sw

Figure 4 — Relative permeability curves according to the Corey correlation

Results and discussion. The next goal is to construct a sample relationship
between the fractional flow and the displacing fluid saturation using the relative
permeability curves in order to validate the proposed mathematical model. For this
we will use the parameter values that are shown in Table 1.
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Table 1 - Parameter values used to construct the relationship between the fractional flow and
saturation

Parameter name Parameter value
AP,Fn 10000000
Lm 100
k.m® 0.1=1074
Am* 400
i 0.1
Gy, . Pa/m 3000
K. Pa 5% 21072
Ty 0.93
Gy, Pa/m 10000
K, Pa=st™ 5x107°
n, 105
Sier 0.1

Figure 5 shows the relationship between fractional flow of displacing fluid
and saturation of displacing fluid built based on equation (27) using the values of
parameters from Table 1.

1.0

0.8

0.6

fw

0.4

0.2

0.0 T T T T T T T
0.1 0.2 0.3 0.4 ’9.5 0.6 0.7 0.8

Figure 5 — Fractional flow curve built based on parameters from Table 1

Now let’s investigate the impact of various parameters on the fractional flow
curve. Figure 6 (a) shows the relationship between fractional flow and saturation
for various values of the power-law index of displacing fluid which change in the

260



ISSN 2224-5278 1.2026

range 0.5-3. The graph shows that the decrease of power-law index of displacing
fluid increases its fractional flow. The most abrupt increase of fractional flow can
be noticed when the power-law index falls below 1.

Figure 6 (b) shows the relationship between fractional flow derivative and
saturation for various values of power-law index of displacing fluid. As mentioned
earlier in this work, the velocity of frontal advance for a certain saturation increases
with the increase of the value of fractional flow derivative for this saturation.
Therefore, from Figure 6 (b) we can conclude that in general, the decrease of power-
law index of displacing fluid increases the frontal advance velocity of saturation at
the displacement front. An interesting observation is that for the values of power-
law index of displacing fluid higher than %, = 3, an inflection point can be noticed
after which the value of derivative of fractional flow (and therefore, frontal advance
velocity) increases with the increase of the displacing fluid power-law index.

Figure 7 (a) shows the relationship between the fractional flow and saturation
for various values of power-law index of displaced fluid 1. It can be seen that
the decrease of 1 leads to the decrease of fractional flow of displacing fluid. The
most abrupt decrease of fractional flow occurs when the value of ™z drops below 1.
So, we can conclude that the increase of 1, and ™, above 1 does not that strongly
impact the fractional flow, as the decrease below 1.

Figure 7 (b) shows the relationship between fractional flow derivative and
saturation for various values of power-law index of displaced fluid. Just as for the
case with ., the decrease of the value of 1, increases the value of fractional
flow derivative. However, the key difference is that for T the maximum fractional
flow derivative corresponds to much lower displacing fluid saturation at the front
compared to ',. This means that for lower power-law indexes of displaced fluid
the displacing fluid saturation at the displacement front would be much higher
than for lower power-law indexes of displacing fluid. Therefore, lower values
of 1, and higher values of ™, are desired since this would lead to more piston-
like displacement and higher displacement efficiency. Figure 7 (b) also shows the

presence of inflection point for values of ", higher than 3.

5
n_w=0.50

n_w=0.78
n_w=1.06

w

df_w/dS_w
~

Figure 6 — Fractional flow (a) & fractional flow derivative (b) curves for different values of power-
law index of displacing fluid

261



ISSN 2224-5278 1.2026

0.8

w

N

df_w/dS_w

0.2

0.0

02 0.4 0.6 08 1.0

Figure 7 — Fractional flow (a) & fractional flow derivative (b) curves for different values of power-
law index of displaced fluid

Figure 8 (a) shows the relationship between fractional flow and saturation for
various values of consistency index of displacing fluid. It can be seen that the
decrease of K, increases the fractional flow of displacing fluid, which makes sense
since the consistency index is an analogue of viscosity for non-Newtonian fluids.
The most abrupt increase of fractional flow corresponds to the lower values of K.

Figure 8 (b) shows the relationship between derivative of fractional flow and
saturation for different values of K. The decrease of K, increases the derivative
of fractional flow and decreases the displacing fluid saturation at the displacement
front. An inflection point can be noticed for higher values of K,,,.

Figure 9 (a) shows the relationship between fractional flow and saturation for
various values of consistency index of the displaced fluid. The decrease of K leads
to the decrease of displacing fluid fractional flow. The most abrupt decrease of
fractional flow can be observed at lower values of K.

Figure 9 (b) shows the relationship between fractional flow derivative and
saturation for various values of consistency index of the displaced fluid. It can be
concluded that the decrease of K increases the value of fractional flow derivative
and also increases the displacing fluid saturation at the displacement front. An
inflection point can be noticed here as well for higher values of K. Therefore,
we can conclude that the increase of ratio K, /K, is desired since it makes the
displacement more piston-like.
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Figure 8 — Fractional flow (a) & fractional flow derivative (b) curves for different values of
consistency index of displacing fluid
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Figure 9 — Fractional flow (a) & fractional flow derivative (b) curves for different values of
consistency index of displaced fluid

Figure 10 (a) shows the relationship between fractional flow and saturation
for various values of initial pressure gradient of displacing fluid. We can see that
the increase of Guw decreases the fractional flow of displacing fluid. The most
abrupt decrease of fractional flow can be observed for higher values of &a,,. When
Gy, = 100000 pa/m, the fractional flow becomes equal to 0. This is related to
the fact that the term AP — Gy L in equation (27) becomes equal to 0 at this value

Figure 10 (b) shows the relationship between fractional flow derivative and
saturation for various values of initial pressure gradient of displacing fluid. An
inflection point is present here — when the values of Gg,, are low, the value of
fractional flow derivative decreases with the increase of Go,,. Then, after a certain
inflection point, the fractional flow derivative starts to increase with the increase of
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Go,.. It can also be observed that the increase of Gy, increases the displacing fluid
saturation at the displacement front.

Figure 11 (a) shows the relationship between fractional flow and saturation for
various values of initial pressure gradient of displaced fluid. It can be seen that the
increase of Gﬂ'u increases the value of fractional flow. The most abrupt increase of
fractional flow can be noticed at higher values of Gu,,. When Gﬂ'u = 100000 Pa/m
the flow of displaced fluid stops, and the fractional flow becomes equal to 1.

Figure 11 (b) shows the relationship between the fractional flow derivative and
saturation for various values of G.}D. In this case an inflection point is absent and
the value of derivative of fractional flow decreases with the decrease of Gu,,. The
increase of Gg_ decreases the displacing fluid saturation at the displacement front.
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Figure 10 — Fractional flow (a) & fractional flow derivative (b) curves for different values of initial
pressure gradient of displacing fluid
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Figure 11 — Fractional flow (a) & fractional flow derivative (b) curves for different values of initial
pressure gradient of displaced fluid

After a more detailed analysis it has been found that the presence of an inflection
point on the graph of fractional flow derivative shown in cases above depends on the
values of power-law indexes of displacing and displaced fluids. The graph shown
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on Figure 11 (b) corresponds to the power-law indexes 1,,, = 0.95 & n_ = 1.05.
However, if we take for instance values n, =15 &mn, =08, then we would get
a completely different picture which is shown on Figure 12 below. It can be seen
that for smaller values of Gy »» the increase of Guu leads to the decrease of fractional
flow derivative. However, after a certain inflection point, the increase of G'J'.; starts
increasing the derivative of fractional flow.
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Figure 12 — Fractional flow derivative curves for different values of initial pressure gradient of
displaced fluid for ., = 1.5 & n, = 0.8

The significance of constructing the fractional flow curve arises from the factors
mentioned below:

* [t allows to construct the relationship between the fractional flow derivative by
saturation and saturation

* [t allows to determine the saturation at any point in the reservoir at any time

« [t allows to determine the frontal advance velocity for any saturation

It allows to determine the breakthrough time of displacing fluid in the
production well

* [t allows to determine the sweep efficiency and displacement efficiency, and
therefore, the oil recovery factor and the total oil production

* After the breakthrough of the displacing fluid into the production well, it allows
to determine the flow rates of displaced and displacing fluids in the production well

Now let’s illustrate the methods of determining the aforementioned parameters
by using the Buckley-Leverett theory (Muhammad and Moataz, 2022; Ahmed,
2019). Figure 1 shows the displacing fluid saturation distribution in the reservoir
at certain time before breakthrough to the production well. It can be seen that
the maximum possible displacing fluid saturation 1 — 5,,. has the minimal front

265



ISSN 2224-5278 1.2026

advance velocity. Let’s assume that at any time the coordinate of saturation 1 — 5.
is denoted by x4. The coordinate %z corresponds to the displacement front at any
time. A gradual decrease of saturation can be observed between the points X4 and
x,. Right after the coordinate *2 the saturation abruptly falls to the value 9y

The saturation 5 represents the average saturation in the reservoir between the
coordinates 0 and X,. In this case, the total volume of injected fluid (displacing
fluid) is determined as:

W, = x,4¢(5,, — S, ). (32)
or:
: . W
Su=Swe =T az (33)
By using the definition of X5 from equation (13) we get:
1
s w— Swe = (34)
rif
- (Swf )

In the work (Civan, 2011) the following definition of average saturation was
proposed:

(1 _Sm' )xl + ..r_:zswdx

XA

(35)

Now we insert the definition of x from equation (13) into equation (35) and get
the following:

df, df,
(1—5m~1£:|1-5ﬂ,+f5” S d(d}:;c) (36)

W df.
ds Swf

Ly
[

Using integration by parts we get:

udr = ur — vdu, (37)
which results in the following:
Swf df,. df, 1°wf
S d( )= [sw ] - [f ] (38)
L——%. as,, ds,, 1-Sar o

As aresult, we get the following definition of average saturation:
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§ =5 .+ w (39)
v T g,
ds.. Iser
By comparing equations (34) and (39) we get:
ﬂ _ 1- fwl_gwf B 1 40)
ds, ™ 5, 5. 5. —S.

Now let’s refer to the fractional flow curve again. For the conditions mentioned
in equation (40) to be satisfied, it is required for the conditions shown on Figure 13
below to be satisfied as well. On Figure 13 we can observe 2 right triangles — one

small and one large. The large one has legs 1 and §W — 5., while the small one

< we?
has legs 1 — f,, |ng, and 5, — 5,,¢. The orange line is a tangent to the fractional
flow curve from the point 5 = §,,. to the point f.. = 1. Using this method, we

tare

can determine that in this case: “w — 0-733, 5,7 = G'EES’fwl&f = 0.895.

This method is known as the Welge method (Civan, 2011). It allows us to determine
the saturation at the displacement front, average saturation in the reservoir and the
fractional flow at the displacement front by only using the fractional flow curve.
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Figure 13 — Determination of saturation at the displacement front, average saturation in the
reservoir and the fractional flow at the displacement front using the Welge method

After the breakthrough of the injected fluid, the relationship between the injected
volume and fractional flow derivative, according to equation (13) becomes:
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1w

= W .
dfw ESMJ S AL

(41)

where 5,,.. is the saturation of displacing fluid at the displacement front after
breakthrough to the production well and obviously, the value of §,_ increases with
time. W;; is the dimensionless volume of injected fluid. After breakthrough, we
assume that all saturations continue to move with the same frontal advance velocity
as before breakthrough, and for this reason, each saturation sooner or later reaches
the production well. The principal difference of production before breakthrough
and after is that before breakthrough, the total volume of produced oil is equal to the
total volume of injected fluid. Right after the breakthrough (when the displacement
front reaches the production well) the fractional flow at the production well abruptly
increases from 0 to the value that corresponds to the saturation at the displacement
front. This effect is also usually noticed in practice (Ahmed, 2019). At the time of
breakthrough, the following condition is satisfied:

= 1
idyy — Wiay, = Qiator = Swy, — Swe =

N -
de Eswf)

(42)

where Nig4,, is the dimensionless oil production at the time of breakthrough
(which is defined as total oil production N, divided by A@L), Wi, is the
dimensionless volume of injected fluid at the tlme of breakthrough, @, is total
flow rate divided by A@L, and t;, is the breakthrough time. From equation (42) we
conclude that the breakthrough time is determined as:
W.

id
tpe = Q—’”- (43)
ird

After breakthrough, equation (39) is modified as follows:
- — ful
§5,=5,.+ @ (44)

daf.
d“j' |5we

Using the definition of dhw | from equation (41) we can write:
ds,, 'Swe

§ =Sy + (1 = fils, IWia- (45)

We now consider that the total oil production is equal to the fluid volume that
has been injected to the reservoir but has not been produced from it yet:
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N, = 4¢L(3, - S,..)- (46)

From equation (46) we conclude that the dimensionless oil production is defined

as:
- c 47
N::i - SW - swc ( )
Then by deducting 5, from the left and right part of equation (45) we get:
— 48
Ni:i - {swa _ch:l + (l_fwlﬂcp)uﬂd' ( )

If we assume that the injection flow rate at the injection well is equal to
Q, = 0.001 m?/s, that the fluids are incompressible, and that the flow rate does
not change with time, using the same parameter values from Table 1, we can show
how the saturation changes in the reservoir with the change of x and t.

Figure 14 illustrates the distribution of saturation of displacing fluid in the
reservoir at different times and how the displacement front advances with time (time
is measured in days). The calculations show that in this case, the breakthrough time
is approximately equal to 30 days. It can be seen that the displacement front reaches
the production well quite quickly, after what the saturation at the production well
continuously increases. It can also be noticed that the saturation at the production
well grows slower with time.

0.2

0.0

0 20 40 60 80 100
X, m

Figure 14 — Saturation profiles of displacing fluid in the reservoir at different times

Figure 15 (a) shows the relationship between total oil production and time. The
red dashed line corresponds to the breakthrough time. It can be observed that before
breakthrough, the total oil production abruptly increases. After breakthrough, the
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derivative of total oil production by time decreases, and continues to decrease with
time. At the breakthrough time, the total oil production is equal to 2650 1m?. In this
case, the initial oil reserves are equal to 3600 m? and the extractable oil reserves
are 3200 m?, if we assume that 5, = 0.1. Therefore, at the breakthrough time,
approximately 83% of extractable reserves are produced. All the extractable reserves
are produced after 1045 days which is significantly higher than the breakthrough
time.

Figure 15 (b) shows how the average saturation changes with time in the flooded
zone of the reservoir. Before breakthrough, the average saturation remains constant,
and after breakthrough it gradually increases with time.

o o o
= B 3

Average saturation il flooded zone
o
N

0 200 400 600 800 1000 0 200 400 600 800 1000
Time, days Time, days
a

Figure 15 — Relationship between total oil production and time (a); Relationship between
average saturation in flooded zone and time (b)

Figure 16 (a) shows how the flow rates of displaced and displacing fluid at
the production well change with time. We can see that before breakthrough, the
flow rate of displacing fluid is constant and equal to zero, meaning that only oil
is produced from the production well. Before breakthrough, the flow rate of oil
in the production well is equal to the injection rate which in this case we consider
equal to @ . = 0.001 T [ c. After breakthrough the situation changes — the oil flow
rate abruptly drops to approximately 0.0001 m? /¢, which is only 10% of @.. At
the same time, the flow rate of displacing fluid becomes 0.0009 »?/c which is
90% of @,. After breakthrough, the oil flow rate continuously decreases, while the
displacing fluid flow rate continuously increases.

Figure 16 (b) shows how the sweep efficiency, displacement efficiency and
oil recovery factor change with time. Sweep efficiency in this case stands for the
fraction of length of reservoir covered by flooding. Displacement efficiency stands
for the volumetric fraction of injected fluid within the volume of the reservoir
affected by flooding. The oil recovery factor simply stands for the sweep efficiency
multiplied by displacement efficiency. It can be seen that the sweep efficiency
continuously increases until breakthrough and remains constant (equal to 1) after
breakthrough. The displacement efficiency remains constant before breakthrough
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and starts continuously increasing after breakthrough. The oil recovery factor
continuously increases during the whole time, however, the rate of increase drops
significantly after breakthrough.

oo0209 — - 10

0.0008 0.8

0.0006 0.6

—— Displaced fluid
—— Displacing fluid

0.0004 0.4

Flow rate, m~3/s

0.0002 0.2

—— Sweep efficiency
Displacement efficiency

0.0000 — 0.0 Oil recovery factor

0 200 400 600 800 1000 0 200 400 600 800 1000
Time, days Time, days
a

Figure 16 — Relationship between flow rates and time (a); Relationship between sweep
efficiency, displacement efficiency, oil recovery factory and time (b)

Conclusion. The objective of this work was to extend the Buckley-Leverett
theory in order to account for the immiscible displacement of one non-Newtonian
Herschel-Bulkley fluid by another Herschel-Bulkley fluid. The proposed
mathematical model is based on the modified Darcy law for Herschel-Bulkley
fluids. Based on this, a modified fractional flow equation has been presented, and a
fractional flow curve has been built by relating the fractional flow to saturation of
the displacing fluid using the Corey correlation. It is assumed that the flow occurs
under steady-state conditions, the reservoir is linear and homogeneous, capillary
pressure is negligible, and the fluid is incompressible.

The impact of various non-Newtonian parameters of both the displacing and
the displaced fluids on the relationship between fractional flow and displacing
fluid saturation, and the relationship between the derivative of fractional flow by
saturation and the saturation has been analyzed. It has been shown that the increase
of power-law index, consistency index and initial pressure gradient of the displacing
fluid decreases the fractional flow of the displacing fluid. On the other hand, the
increase of power-law index, consistency index and initial pressure gradient of the
displaced fluid increases the fractional flow of the displacing fluid.

The increase of power-law index, consistency index and initial pressure gradient
of the displacing fluid lead to the increase of displacing fluid saturation at the
displacement front, while increase of the same parameters of the displaced fluid
decrease the saturation at the displacement front. The increase of power-law index
and the consistency index for both the displacing and displaced fluid decreases
the derivative of the fractional flow, while the increase of initial pressure gradient
increases it. In many cases, inflection points can be spotted on the relationship
curve between the aforementioned parameters and the derivative of fractional flow.
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It has been shown that the presence of such inflection points depends on the ratio
of power-law indexes of displaced and displacing fluids. By inflection points we
mean that the relationship between the mentioned parameters and the fractional
flow derivative deviates from the general trends shown above.

The main conclusion was that in order to achieve the maximum efficiency of
displacement and prevent early breakthrough while having a low oil recovery factor,
we need to have maximum values of power-law index, consistency index and initial
pressure gradient for the displacing fluid, and minimum values of same parameters
for the displaced fluid. This allows to achieve a piston-like displacement which
leads to maximum displacement efficiency and oil recovery factor.
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