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APPLIED TASKS OF PLATES FLUCTUATION
UNDER MORE DIFFICULT BOUNDARY CONDITIONS

Abstract. The results on the research of own and compelled fluctuations of flat elements taking into account
lamination of material of plate, rheological viscous properties, anisotropies, etc. are given in this work.

At the research of harmonious waves in deformable bodies, the concept of phase speed as the speed of environ-
ment condition change is implemented; at the same time, the phase speed is expressed through the frequencies of
own fluctuations and therefore the research of harmonious waves distribution has a direct bearing on the problems of
definition of own forms and frequencies of the fluctuations limited in terms of plates.

More difficult fluctuation of rectangular flat element is the fluctuation when two of the opposite edges are
hinge-supported, and two other edges have different types of fixing or they are free from tension.

This class of tasks leads to the transcendental equations for determination of frequencies of own fluctuations
which can be solved both numerically and analytically.

The transcendental frequency equations can be reduced to algebraic ones and to investigate the influence of
both boundary conditions at the edges of rectangular plate or rectangular flat element and parameters of geometrical
and mechanical character on the frequencies of own fluctuations of rectangular flat elements.

Key words: plates, anisotropy, own fluctuations, compelled fluctuations, transcendental, equations, rheology.

We will consider flat element as isotropic uniform elastic plate of constant thickness [2].
We will be limited to the task solution based on approximate equation of quartic cross fluctuations

4 2 2
ow V4V —AIA—a VZV + LNV + d VZV
ot ot ot

where coefficients 4; are equal to
_h*(T-8v) . Loe-v. 2h*h’
1R a-v)’ T 3d-v) T T 3(1-v)

4 =0(f., f, )i =x) ()

)

v — Poisson ratio; b — speed of cross waves distribution in plate material.
As plate edges (y = 0;/,) are hinge-supported, the solution of the equation (1) we will find in

W(x,y,t)= exp(z‘ Z ét)i w, (x)sin(klﬂyJ 3)

2

Substituting (3) in the equation (1), for W, we get ordinary differential equation

4 2
ddW:" +B, ddnz/k +BW, =0 (4)
X X

where coefficients By, B, are equal to
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2 2
b= A () of b |
4,° \h 1,
4 2
Gk 0l v R K I
A h n)\, ) a\n

We will write down the common solution of the equation (4) as

W () Cl[cos(aox) . cos(alx)} ) Cz[cos(aox) ) cos(alx)} )

n n n n
a, a, a, a,

.\ C{sin(aox) . sin(alx)} . C{sin(aox) .\ sin(alx)}

(6)

m m

m m
4 4 ay a
where C; - integration constants; a;, a; - roots of the characteristic equation

a*+B,a’+B, =0 (7

_ JBTi /(Boj B ®)
2 2

Integers (n,m) are got out of solution simplification condition at the satisfaction of boundary
condition at the left edge x = 0, and other boundary conditions at x = /; lead to the transcendental equation
for the determination of frequencies of the plate own fluctuations.

We will analyze transcendental frequency equations of the first point.

In the beginning we will consider the simplest transcendental equation

a,cos(a,l,)sin(a,l,) — a,sin(e,l,)cos(a,l,) = 0. ©)

and are equal to

We will implement designations

1
1=hy =By (10)
h ' 2
B, =[2-v&* -2y}
. 7-8v 3
Bi=\y'+ & =2V’ - (1-v)¢’
8 2
and further we will lower strokes for simplicity.
As sines and cosines from any argument are equal
21+1 0 2j
sinz=) (- ) COSZ=Z( 1)/
;; )y =0 2
the equation (9) is equivalent to the followmg
w o 2 2j 2 2
ooy —ala o
Gy, 3, Y (<) T 20 = 0 (an

i=0 j=0 (2i+DI(2))!

If to accept that size is determined from the formula (8) with plus sign under the root, then it follows
that this root does not turn zero at any values y,v,&.
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Therefore, in the beginning it is possible to put a; = 0 or for & we get the equation

4_8[(2—v)7+%(1—v)J 8

= (12)
(7-8v) (7-8v)

9

which roots are equal to

51,2 = (7 - 8V)_§\/4|:(2 V)Y + é(l —V)} +
’ (13)

+ \/8(1 vy +3r(1-v)(2-V) +Z(1 —v)?

as the ranks in the formulae of trigonometrical functions meeting ranks in the equation (11), equivalent to
the equation (9) also meeting, at the research of private equation (11) it is possible to be limited to the
final number of the first composed.

Having taken first three composed in the ranks (11), we will write down it as

1 1
a,a, (alz - Olg ){lz T AA

3 30 (af +a)l* +}><

(14)

1 1
X{MO((Z? +alal +a3)+360a§a12}l6 +.. =0

Roots from the formula a; = 0 are equal (13). The value (a 12 - aé ) is other than zero at any y,v,&.

If in formula (14) to take only two first terms, then we get

(a] +a)-1007 =0

or
B,—1017 =0 (15)
and frequency equation
-2
gr 2y 10 (16)
(2-v)

which positive root is equal to
-2
{: _ 2 Y+ 10/ (17)
(2-v)
If in formula to take all three first terms, then we will get
10 _ -
[(af +a3)+3a§aﬁ}—28(0{f +al)l +2800 =0 (18)
or
4 _ _
{Bg +§Bl} —28B,l7* +2801* =0
and the frequency equation corresponding to them

[(2 —v)’ + 7+—68V}§4 — {(2 — v)(% v+ 281‘2j +2(1- v)}fz +

+{13672 +56)17° +2801‘4}:0, (19)

which has two positive roots.
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It is similarly possible to take first four and more terms in the formula (11) and to get more exact
frequency equation and corresponding frequencies & .

To find the frequency equation from ranks of the equation (11) it is necessary to find out condition of
deduction legitimacy of finite number of terms in the ranks (11).

We will apply Dalamber's principle of ranks convergence to the ranks in the equation (11). We will

get
2 272
worl” | oy (20)
(2i+3)(2j +2),
where 0<g< 1.
It follows from the inequality (20) that
2i+3)2j+2
‘aéaf‘ﬁqi] :qiz’j =q2(3(2) (21)

The analysis of inequality (21) shows that it is correct when performing inequality

8 2 4 2 8 2 2
- S L<ET-2DE+EL c=C,
(7 ~ 8\))%,,1 4 4 (7 _ Svjqw irj

where coefficients D, E are equal to

2

4[(2—v)7/+;(1—v)] o 8
(7—8v) ’ (7—-8v)

or inequalities
D’ -E<C}, (22)

At the set parameters of geometrical and mechanical character from the inequality (22) it is possible
to define necessary number of the first terms in ranks (11) to find the frequency equation relative
frequencies ¢.

We will consider transcendental equation frequency equation

2 2
a, +a; . .
— 0" sin(a,/, )sin(a,1, ) - 2cos(a,l, )cos(a,l, ) =0 (23)
ot
As well as transcendental equation (9), the equation (23) is equivalent to the following

2

0

© o a2ia2j o
aya 2[1-\Y > (=1 L g | (24)
i=0

% =0 2DN2))!
_(a2+a2>i i(—l)w % ¢ JHH L =0
¢~ Qi+DI(2j+1)!

It follows from the equation, that, first, a; = 0 also we got frequencies (13).
We will write down the equation (24), having written out the first terms

{(ao2 +a’)J’ —é(Sag +5a +ajal)J* +}x

(25)
X 910 [ao6 +a’ + 7a§af(aozaf)ll6 +..}=0
From (25) it also follows that it can be supposed (ag +a’ ): 0 and we will get
By =0 or £2_ 27 o (26)

2-v)
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which root is equal to

o= &
Similarly, we can put approximately
(a; +af)—€(5a§ +5a +aja’)=0 (28)
and we will get frequency equation
(5B; -9B,) - Ji B, =0 (29)

having positive roots.
We will consider more difficult transcendental equation

4[Q(Q —a, —a; )+ aoa1 [1 cos(aol ) cos(all1 )]+
{? (Q a; )2 + L (Q a; )z}sin(aoll ) — sin(all1 ) =0,

2
3-2v| &7 ik
0= o=
T—4v| h [,
which is equivalent to the following

2j
i1 o

(30)

where

2i 2j

4 22 4 2ok < it dp d; 2(i+j+1) _
+la —a’) +a —a -1/ JUTITY =0 (31)
65 a4 @ ~ai) ]g(:)];)( T NICT RN

3-2v) .o
0, —[7_ 4vj<é 27).

We will write out the first terms in the equation (31)
2 2 2 2
a, +a a,a a, +a
[(a§+af)L +L1/ { [ + 0 1)+L2(—°6 IHJ“Jr

1
{360L al +a/ +15a0a1 a;, +a’ }+ (32)
=0;

+LL (ao+a1 +&a0a1 ij’ ;
20 3
L = [Qo( 0 —dq —a12)+ aéaf];
L =|ailo ~ai | +at(0y-aif |
Being limited by the first term in the formula (32), we will get
(aj +a/ )L1 +L,=0 (33)
or

Qo2 (Bo2 _231)_ 2QoBoBl "'2312 +Bo [QO(QO _Bo)+Bl]: 0 (34)
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The frequency equation (34) is the algebraic equation relatively to & and already depends on the

parameter y .
Equations of higher order relatively to & already depend on the parameter y .

It is also possible to consider other boundary value problems.

Thus, transcendental frequency equations can be reduced to algebraic and to investigate influence of
both boundary conditions at the edges of rectangular plate or rectangular flat element, and parameters of
geometrical and mechanical character on frequencies of own fluctuations of rectangular flat elements.

We will generalize outcomes for rectangular plate or flat element which material satisfies viscoelastic
model of Maxwell.

Let we have a rectangular uniform isotropic plate.

In this case, we will find the solution of approximate quartic equation

w —exp(h jZW sm({)]kyj (35)

2

where & - complex frequency which valid part defines the law of attenuation of fluctuations and imaginary
part determines frequencies of own fluctuations.
For W, we get ordinary differential equation

4 2
AW 54 3w —o (36)
dx4 0 17" k

where E,BT are equal to
ééﬂ _,_léfﬂ; (37)
h T
4 3 2

{sferale)e-2)

A\ h A,z \ h h
1 1 4, A 1 (b
— + 2y L 1+2 +
(Az 74, 7AJ§ Azr(hj( y Jf 7]

Coefficients 4, are provided in the previous paragraphs.
We will write down the common solution of the equation (36)

W Cl[ch(aox)Jr ch(alx)} N C{ch(aox)_'_ ch(alx)}_

n n n n
a; a; a a; (38)

[pe), )] [ o), sl
a a, a a,
i.e. instead of trigonometrical functions we have hyperbolic ones.

All considered regional tasks leading to the transcendental equations are solved similarly.
Transcendental equations are got from previous where values a; are necessary to replace with values ia;,
where i - imaginary unit.

For example, the transcendental equation (9) passes into the equation

a,ch(ayl, )sh(a,l,)—a,sh(a,l, )ch(a,l,)=0 (39)
which is equivalent to the following
2i 2j
a, 4, ao 1264 — :
CRIey B
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Ny n2
a, :1/’3;0 i,/liO—Bl (40)

One of the frequency equations of the formula (40) follows from the condition ;= 0 and we get

.2 8 (7-8v) 3 )

4 +?O§ +w (2—V)7+8T§+2(1—V)§ + @)
12(1-v) ~ 8  »_

+7(7—8v)70 [1+22-v)y)e+ (7—8v)7/ =0,

Which coincides with the frequency equation of the approximate equation of quartic cross fluc-
tuations (1) for rectangular hinge-supported plate on all four parties of plate, and it has two complex
conjugate roots.
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A. XK. Ceiitmyparos', JI. M. Kapbiiranosa', H. K. Meney6aes’, A. A. H6paesa'

'KopksIT ATa athiHaars! Kpi3bL1opia MeMIEKeTTIK yHIBepcHTeTi, KasakcTa,
2BokeToB aTeIHAarel KaparaHIsl MEMJICKETTIK yHUBepcHTeTi, Kasakcran

ACA KYPAEJII HIEKAPAJIBIK HTAPTTAP KE3IH/EI'T
IIVIACTUHAJIAP TEPBEJIICIHIH KOJIJAHBAJIbI ECEBI

AunHotanusi. BepinreH j>KymbicTa IUIACTUHKAIAH KYPAJIFaH MAaTEPHAIJIBIH KATIAPJIbUIBIFBIH, PEOTOTHUSIIBIK
TYTKBIp KaCHETTEpiH, aHU30TPOIMSICHIH XoHE T.0. 3epTTey HOTIDKENIepl ecepe OTBHIPHIN IIENIUITeH MEHIIIKTI jKoHe
epikci3 Tepbemicrep eceOiHi KapacTHIPBUTFaH.

3epTTey HATHMIKECHIHIE TapMOHHUKAJBIK TOJKBIHAAPBIH AehOopMalUsIaHATBIH JISHENep JKarJalblHaarel (a-
3aJIBIK JKbUIIAMIBIFBIH, OPTa KYHIHIH ©3repy KbUIIAMIBIFBI JeTl KapacThIpaibl, Oy perre (a3anblK KbUITAMIBIK
KHLTIFT MEHIIKTI TepOesic apKbUIbl ©pHEKTEJe/l, COH/ABIKTAaH MApMOHHMKAIBIK TOJKBIHAAPIBIH Tapally MpPOLECCiH
3epTTey NpoOJieMaapblH aHbIKTAy, MEHIIIKTI HBICAHJIap MEH OepiIreH NpIacTHHKAIAPIBIH JKUUTIK LIEKTEIreH
TepOericiHe Tikenel KaTbICThl OO Ibl.

Exi kapama-Kapchl IIeTTepi Torcanamn OeKiTUIeH, an 0acka €Ki JKarbl op TYpJi OCKITy TypJiepiMeH YCTaThUIFaH
HeMece KepHey acep eTneiTiHael Ooiiblll opHanackaH OoJjica, oHaa Oyl XKarnail aca Kypnelsi TIKOYpPBIIITHI Ka3bIK
3JIEMEHT TepOetici 0OJIbIN Ta0bLIa b
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MyHpmail ecenTep KIacChl CaHIBIK TYpIE € HeMece aHAJUTHUKAJIBIK TYpAE Je IICIIUIeTIH MEHIIIKTI >KHALTIK
TepOeITiciH aHBIKTAWTHIH TPAHCICHACHTTIK TEHICYJIEePre aKene/i

TpaHCHEHICHTTIK KUUTIKTIK TEHIEYiH anreOpalblK Typre KeNTipe OTBIPHIN, TiK OYPBIITH IUTACTHHKAIAP MIeK-
TIK HIAPTTapbIH, TEOMETPHUSIIBIK HKOHE MEXaHMKAJIBIK CHIIATTAFbl TIK OYPBILITHI XKAa3bIK 3JIEMEHTTIH TepOetic TeHIeyi-
HIHI ocepi Heri3iHe 3epTTeyre 0oaibl.

Tyiiin ce3aep: IUIaCTHHKA, aHU30TPOITKS, MEHILIKTI TepOemicTep, epikci3 TepOemicTep, TPAHCICHICHTTIK, TeH-
JIey, PEOJIOTHSI.

A. XK. Ceiitmypatos', I. M. )Kapsiiranosa', H. K. Mez[eyﬁaenz, A. A. HGpaepa'

'KbI3bLIOpAMHCKHIT FOCY 1apCTBEHHbIH yHIBepcuTeT uM. KopkbiT ATa, Kasaxcran,
*KaparasMHCKHil rocyapcTBeHHbIH yauBepeuteT uM. E. Bykerosa, Kasaxcran

IMPUKJIAIHBIE 3ATAYN KOJIEBAHUS TIIJIACTHH
ITPHU BOJIEE CJIOKHbBIX TPAHUYHBIX YCJIOBHUAX

AnHoTanus. B HacTosmeit paboTe NpUBOIATCSA Pe3yIbTATHI IO UCCIEAOBAHIIO COOCTBEHHBIX U BBIHYKICHHBIX
KOJIeOaHUH TUIOCKUX JJIEMEHTOB C y4YETOM CIIOMCTOCTH Marepuaja IJIACTUHKH, PEOJOTHMYSCKUX BS3KUX CBOMCTB,
AHU30TPONHU U T.1.

IIpu uccenoBaHUY rapMOHUYIECKHUX BOJH B Ie()OPMHUPYEMBIX TeJaX BBOAUTCS MOHATHE ()a30BOH CKOPOCTH KaK
CKOPOCTU M3MCHEHHS COCTOSIHHS CpPEbl, IpU 3TOM (ha30Basi CKOPOCTh BBIPAXKAETCS YEPe3 YaCTOTHI COOCTBEHHBIX
KOJIeOaHUH ¥ MMO3TOMY HCCJIEOBAHUE PACIPOCTPAHCHHS TAPMOHHUYECKHAX BOJIH UMEET IPSMOE OTHOIICHHE K MPo0-
JIeMaM OTIpeIeNIeHUs] COOCTBEHHBIX ()OPM U 9aCTOT KoJIeOaHMi OTpaHUICHHBIX B IUTaHE IIACTHH.

Bonee crnoxHBIM KoJleOaHWEM PSMOYTOIBFHOTO TUIOCKOTO AIIEMEHTA SBIISIETCS KoliebaHue, Koraa 1Ba U3 IPOTH-
BOTIOJIOKHBIX KpaéB MApHUPHO ONEPTHL, a IBAa APYTUX Kpas — AMEIOT PA3IUYHBIC BUIBI 3aKPETUICHHS W CBOOOIHEI
OT HaNpsKEHUH.

JlaHHBI Kiacc 3a1a4 NMPHBOAHWT K TPAHCHCHIECHTHBIM YPaBHEHHSIM JUIS ONPEAETICHUS YacTOT COOCTBEHHBIX
Kosie0aHUi, KOTOPBIE MOYKHO peIaTh KaK YUCICHHO, TaK ¥ aHATUTHYECKH.

TpaHCIJ,eH[leHTHble YaCTOTHBIC YPABHCHUSA MOXKXHO CBOAUTH K anre6pay1qe01<1/1M U UCCJIICAOBATHh BJIIMAHHC, KaK
T'PaHUYHBIX YCIOBUH IO KpasM MPSMOYTOJbHOMN IIACTUHKHU WX NMPSIMOYTOJIBHOIO IJIOCKOTO 3JIEMEHTA, TaK U mapa-
METPOB I'€OMETPHUYCCKOTO M MEXaHWYECKOIO XapaKTepa Ha YacTOThl COOCTBEHHBIX KOJCOAHHU MPAMOYTOJIBHBIX
IJIOCKHUX 3JIEMEHTOB.

KiroueBble cJIoBa: IJIACTUHKH, aHU30TPOIHs, COOCTBCHHBIC KOJICOAHUS, BEIHY)KIICHHBIC KOJCOAHWs, TPaHC-
LEHJCHTHbIE, YPABHEHHUS, PEOJIOTHSL.
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CeiitmyparoB AHrbickiH XKacapanoBuu — a. ¢.-M. H., npodeccop kadenpsr «dPuszuka u Maremarika» KI'Y um.
KopkpIT ATa
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KopxkeiT Ata
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