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2 Clarivate

Analytics

NAS RK is pleased to announce that News of NAS RK. Series of geology and technical
sciences scientific journal has been accepted for indexing in the Emerging Sources Citation
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of
Science offers to researchers, authors, publishers, and institutions sets it apart from other
research databases. The inclusion of News of NAS RK. Series of geology and technical
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the
most relevant and influential content of geology and engineering sciences to our community.

KaszakcmaH Pecniybnukacel ¥immbiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonozausi xoHe
MmexHUKarbIK FbiribiMOap cepusicbl” fbinbIMU XKypHanbiHbiH Web of Science-miH xaHanaHfFaH Hyckachl
Emerging Sources Citation Index-me uHOekcmernyze KabbindaHraHblH xabapsaldel. byn uHdekcmerny
b6apbiceiHOa Clarivate Analytics komnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke kabbinday maceneciH
Kapacmbipyda. Webof Science sepmmeywinep, aesmopnap, 6acnawhbinap MeH MekeMmesriepee KOHmMeHm
mepeHdiei MeH canacbiH ycbiHalbl. KP YFA Xabapnapbi. [eonoeusi XeHe MeXHUKasbIK fblibiMOap
cepusicbl Emerging Sources Citation Index-ke eryi 6i30iH KoramOacmbiK YWiH eH e3ekmi xoHe 6edesnodi
2e0/102Us1 XKoHe mexHUKarbIK FbliibiMOap 6olbiHWa KoHmeHmke adanobifbiMbi30bi 6indipedi.

HAH PK coobuwaem, 4mo HayuyHbll xypHan «Mseecmuss HAH PK. Cepusi 2eonoauu U mexHu4eckux
Hayk» 6bin npuHsam 0ns uHlekcuposaHusi 8 Emerging Sources Citation Index, o6HoeneHHol eepcuu Web
of Science. CodepxaHue 8 amom UHOeKcuposaHUU Haxodumcsi 8 cmaduu pacCMOmMpeHUs: KoMmrnaHuel
Clarivate Analytics Ons OanbHelweao npuHsmus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadyecmeo u eanybuHy KoHmeHma Ons uccriedosamesiel, asmopos, u3damesiell U y4pexoeHudl.
BkriroueHue Uzsecmusi HAH PK. Cepusi eeonozuu u mexHudeckux Hayk 8 Emerging Sources Citation
Index demoHCmMpupyem Hawy rnpueepXxeHHoCcMb K Hauboriee akmyarnbHOMY U 8/IUSIMEsIbHOMY KOHMeHmy
10 2e0/102UU U MeXHU4YeCKUM Haykam Oris Hauleeo coobwecmsa.
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AXISMETRIC PROBLEMS OF ELASTIC LAYER OSCILLATION
LIMITED BY RIGID OR DEFORMED BOUNDRIES

Abstract. In the study of wave processes of plane and circular elements in deformable bodies, the concept of
phase velocity is introduced as the rate of change of the phase medium. In the case of harmonic vibrations of
cylindrical shell, the phase velocity is expressed in terms of the frequency of natural oscillations freely supported
along the edges of the shell, and therefore, the investigation of waves in plane and circular elements has the most
direct relation to the problem of determining the proper forms and vibration frequencies of shells of finite length. If
the research is carried out in view of the rheological properties of the system or material, has environmental mana-
gement systems, in general, exhibiting the rheological properties, the use of these methods is significantly hampered.
In such cases, the influence of rheological parameters on the components of the complex phase velocity is studied for
certain values of the vibration frequencies. Some axismetric problems of oscillation of elastic layer are limited by
rigid or deformable boundaries under the influence of normal or rotational shearing stress. The solutions of the prob-
lems under consideration are obtained using integral transformations in coordinate or time.

Key words: elastic, axismetry, wave, oscillations, deformed, longitudinal, anisotropic medium, Laplace trans-
form, anisotropic layer.

First we consider the problem for half-space under the assumption that the half-space z > 0 is an
anisotropic medium with the axis of symmetry of the mechanical properties (axis) (axis z ), and the

surface of which is subjected to an impulse voltage at the time & , = —f(r,?).
Because of the symmetry of the mechanical properties of the medium relative to the axisz of the
unique nonzero component of the displacement vector, U, (r,z,t) only the stresses and &, and & the

ones determined by formulas

or r
oU )
—C =0
§ZO 66 82
The equation of motion reduces to one
08, , 0&, , 28, _ O,
7 + 7 + r — 2
or oz r r or’ @
Substituting the expressions for &, and &, from (1) into equation (2), we bring it to the form:

0V, 10U, U,, ,0U,_ 108U, 3

or* r or P’ 4 oz*  b: o

where

— 127——



Uszeecmus Hayuonanvuot akademuu nayk Pecnyonuxu Kaszaxcman

poCu, G
P Cu

If the half-space is isotropic, then ¥ =1 and b = \/Z .
P

The boundary conditions for U has:

o= —f(r,t) under z=0, >0 4
U,—>0 under z —> %)

The initial conditions of the problem are zero
U, = a(;io =0 undert=0 (6)

The solution of equation (3) for the boundary (4) - (5) and the initial conditions (6) will be sought, by
applying the Laplace transform. Suppose,

00

U(r, z,p) = J‘Uo(r, z,l)e’p’dt, Rep>0 (7)

0

Definitely, for the function U (r, z, p) we obtain the equation

o’'U 10U (1 p , 0°U
FETCL S LI =0 8
or* r or [r2 b’ j 4 oz’ ®)
And U must satisfy the boundary conditions:
aU:—fO(V’p) under z=0, >0 9)
0z Ces
U,—>0 under z—> (10)

where

(rp)=(r.t)e " dt.

O'—;S

The general solution of equation (5.6.8) is sought by the method of separation of variables (the
Fourier method) and has the form:

U(r.zp)= [ o] Ala, 2l N Bl ple | (e e (11)
0

where A((x, p) and B((x, p) are defined from boundary conditions (9)-(10) from the condition (10)
follows that

Bla,p)=0 (12)

Using boundary condition (9), for defining A(a, p) we’ll take integral equation:
’ ¥
aA(a,p) a’ jL%J1 (ar)da = C—fo(r,p) (13)
66

— 128 ——
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o0

Jilr.p)=[afi (@, pV(ar)da (13)

0
Then

Ala, p)= 1@, p)

— (14)
p
Ceerl @’ tor

Substituting expression (12) and (14) into formula (11), we obtain the following expression:

Ulr,z,p)= 2 [ DUED) () 5 g ()

C 2
660\/a2+]72
b

We consider the special case when

£(rp)=22) (16)
r

In case (16) function

o
and (15) has
2 iazdiz 2 2
a2 ] 90 e L g 2[ [ 22 [ 2
Gs 0 7 )'a Gs 3| 2 7 V)| 5|2 7 Y
i

where K,,I, Bessel functions of imaginary argument. Using the representations of the functions /, (§ )
2 2 2

and Kl(é’), for U(r,z,p) we find that

2

U(r,z,p)=—b(p°(p) eig —ei5 ~ (17)
CosP
Paying attention to the expression (17) in p, for the required value Uo(r,z,t), we’ll take the
expression
Uy(r,z,)=—2 jfl(t—f){H(é—%—H[é—%/éwz] dé (18)
7Cos! s 7 b\y
where

Flrn)=20)

The resulting expression U, (r, z,t) consists of two terms, the first term corresponding to plane wave
propagating in half-space with velocity 7 and parallel to the planez = 0, and the second term to the
diffracted wave, which has the form of half-ellipsoid of revolution (hemisphere aty =1) and in contact
with plane wave on the rotation axis at z = byt .

Besides, from (18) follows, that U, (r,z,t) fades out from » as 1/r.

If the acting function f (r,t) is arbitrary, then we represent it in the form of Schlemmich series:

— 129 =——
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ris r
where
. o, (§U r)
%0):”£ f()t+Uj JTZ? & tdU;
RIAR)
a_j(t)zijﬂcos(jU !%ﬁfzdg dU; j =12,...

For f (r,t) type (19) function fl(a, p), entering to the formula (15), is

file.p)= Z o(p)H (- j)

J=

where
ajO(p) = J.aj (pkiptdt'
0
Following,
z 20
© B b*
U(r,z,p) —LZaJO Ie—Jl(ar)da
Cos 7= 0 [2 +Ii
b

Paying attention (23) on p and using theory about convolution, we’ll take

U(rzp 7§:j-a] é‘)Trz )

2C¢ J=0

T(r2.)=b T( )J{a/b ;—z}da

where

(19)

(20)

21

(22)

(23)

24

(25)

We generalize the problem for anisotropic layer of thickness /. where z = A there can be two kinds

of boundary conditions
1) z,,= —F(r,t) under z = h
2) U,=0 under

(26)

If F (r,t) = 0, then condition (26) means, that the substance z = / is free from stresses.

First of all, let’s look at the problem, when z = / there is boundary condition (26).

General decision has the type (11),
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A(a,p)=3(a,p)+CLf1(a,p)

66

P

Bla, p)= y Slaple”
, 2C¢ h P’
sh| — 0!2 +72
/4 b

where f (a , p) is defined from onpenensercs u3 equations (13), fz(a, p) from equations

Fylr.p)= [ afi(a. pV (el 09)

0

Let
Fy(r,p)=0,1e. file,p)=0n f(r,t)= £(r.1).

Then
_ 2 _ 2
= a2+i—2 z hw aZ+Z—2
2

Uz, p)=— i olp) eV ver J (ke
7. 2 h J 20 h J s
660\/a2_‘_z2 o abz e’ 5
or
o ® _z+2nh aerpi z-2(n+1)h a2+p72
Ulr,z,p)= 1 2(p) xie 7 Y ote 7 " A (ar)da (30)
7Cos n=0 2
66 n=0( 0(2 +p7
b2

Calculating the quadratures in & (30) and then reversing with respect to p , forU (r, z, t) , we obtain

the expression:

Ua(rz.0)= 2 i{UW—@HF—”ﬁW}M—

Iﬂ@fﬁ[f%Jﬂ+(iiiﬂﬂ F§}+
0 V4
L0 Z jf(t—f)H §+z—2(n+l)h Ji -
ryC e wo 0 1 yb
o AP 5—;—\/r2+(z_2(;”)hJ }dﬁ} (31)
where )
_z+2nh} {—z+2(n+l)h}
n, = , Ny =| ————
Lt ot

[£] - the whole part of the number &.
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Formula (31) contains all flat and diffracted incident and reflected waves.
Similarly, the problem for the layer is solved under the boundary condition (27) and we have

Uo(r,z,t)= S (1) {jfl(f_g)ﬂ{ Z+2nh}d§_

66 n=0 7b

j;fl(tf)H[f —2—\/# +(#)2}1§}

Sy {fne-emfer 22l

r7C6n0 ]/b

—ifl(f‘g)ng_li_\/rz +(z2(;+1)h]2}d§}

We consider the problem of the effect of pulse on half-space f (r,t), when the function is given on

(32)

bounded part of the surface z =0, e.g.

F0)= 2 11) 11— )] (3)

7

Function f (r,t) we can also imagine
S0)==£0] 1= (@)Y (ar)da (34)
0

Then for U (r,z, p) has the expression

Ulrn.p) - DIl 1 o5

Uy(r,2.0)= [ A= &Ny (r, 2, £)dE (36)
0
where
No(r,z,t)zNlo(r,z,t)—Nzo(r,z,t) (37)
then
1 2
Ny(r,z,t)=—H| r—_|b’¢ ——2 ;
w e
Nzo(r,z,t) =0
under

2
0< }b2t2—2—2<r—r0
/4
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or
ZZ
O<ry<r—. bt —=
4
2
z
b= =1 +ry
Ny, (r, z,t) = ——arccos /4
Ty 2.2 22
27b bt -
4
under
b2 z’
|l”—7”0|< t —E<ro+r
or
Jzﬁ———<%<r+JK2
b’
20(r z t) 0
under
2
z
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If instead of half-space we have layer of thickness /4 , then under the boundary condition (26)
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And then in boundary condition (28),
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where N,, and N, then, if z replaced by z+2nh and —z + 2(m + l)h , accordingly.

But now
£0)= 2O [11)— 11~ D)

where D — rate of change of loading area.
In case (40) for half-space and f, (t) =H (t)po
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where ¢ (r, Z,t) > 0 root of the equation:

2 2 2
Z_z _r2+D2(t_§1)2 :4D2(t_§1)2 bzflz_%

pE -

Similarly, it is possible to solve the problem, when z = 0 the displacement value is set U.

This work is devoted to the study of dynamics stability wave processes flat and circular elements and
also flat of the class tasks of the impact loads on the moving surface of the layered elastic half-plane for
nonlinear law depending on the deformation stresses.

When studying the stability of wave processes, some axismetric problems of oscillation of elastic
layer are confined to hard or deformable boundaries under the influence of normal or rotational shear
stresses. The solutions of the problems under consideration were obtained using integral transformations
in coordinate or time.
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A. Ceiitmyparos, 3. Epranayosa, I. MaxambaeBa, A. bekceiiToBa
KopksiT ATta ateranarsl Kei3emiopaa MmemiekeTTik yauBepcuteTi, Ke3siopna, Kasakcran

KATTbI HEMECE JE®OPMALIUAJTAHATBIH HNIEKTEJII'EH AYMAKTAT'BI
CEPHIMAI KABATTBIH OCECUMMETPUAJIBIK TEPBEJIIC ECEBI

Annotanus. [lepopMmannsuiaHaTeiH JIeHENEp/eri jKa3blK )KOHE JIOHIeNIeK 3JIeMEHTTEPIIH TOJIKBIHIBIK MPOLEec-
TEpiH 3epTTey Ke3iHae, (ha3ayblK KbUIIAMIBIK YFBIMBI (ha3aliblK OpPTaHbl ©3repTy KbULAAMABIFBl PETIH/IE €HIi31IreH.
Humaap KaOBIKIIACKIHBIH TAPMOHUSIIBIK JipLTi JKaFIaiblHaa (a3aiblK KbUIIAMIBIK KaOBIKINA MIETiHEe epKiH TYpIe
OekireH o3 TepOeNiCiHIH KHIIIrT apKbUIbl KOpiHEl, COHBIKTAaH XKa3bIK KOHE JOHI€JIEK 3JIEMEHTTEPAET1 TOJIKbIHAAP-
JIbl 3ePTTEY/IIH COHFBI Y3bIHBIKTaFbl KAOBIKIIA TEPOEITICIHIH KUUTIITT MEH 63 ()OPMaChIH aHBIKTAay MaceleciHe TiKeaen
KaTbIchl 0ap. Erep me 3epTreyne KapacTHIPBUIBII OTHIPFaH JKYHe MaTEepUaJbIHBIH PEOJIOTHSIIBIK KACHETTEpiH HeMece
PEOJOTHSIIBIK KacHETTepl KOPIHETIH JKajIbl KOpIIaFaH OpTa JKaFJaiibIH €CelKe alla OTHIPHII JKYpri3iice, oHga Oy
TOCUTAEepIl KONaHy alTapibIKTail KUBIHIBIK TyAbIpansl. MyHIail xargaiinapaa mipin skuiiiriniyg 6enrimi Oip MoH-
Jlepl YIIiH PeoJIOTHUSIIBIK TapaMeTpiiepaiH KemleHmi ¢a3aiblK KbUIIaMIBIK KypamaacTapblHa ocepi 3epTTelnei.
TeMeHIe KanbIIThl HEMece aifHAIMaibl KepHEYJIep ocepiHeH KaTaH Hemece Ae(opMalysIaHaThH LIeKapalapMeH
MIEKTENETIH CeprmiMIi KabaTThIH KeHOip OChTIK CUMMETPHUSIIBIK eCenTepi KapacThIpbUIFaH. KapacThIpbulFaH Mace-
JICNIEPIIH IICHIMIEPi KOOPJMHATA HEMECE YaKbhIT OOWBIHIIA HHTEIPAIBIK TYPJICHIIPYJIEPIl KOJIAHY apKbLIbl
AJIbIHFaH.

Tyiiin ce3mep: ceprmimai, oceCUMMETpHs, TOJKBIH, TepOeric, nedopMalysIaHaThiH, Kel0ey, aHU30TPOITHI
opta, Jlamiaca TypineHaipyi, aHU30TPONTH Kabar.

A. Ceiitmyparos, 3. Epranayosa, U. MaxambaeBa, A. bekceiitoBa
Ke13pumopannckuii rocynapctBeHHbIH yHIBepcuTeT HM. KopkeiT Ata, Ke3sutopaa, Kazaxcran

OCECUMMETPUYHBIE 3AJAYU KOJIEBAHUSA YIIPYT'OI'O CJI10A
OI'PAHHUYEHBIE ) KECTKUMH NN JE®OPMHUPYEMBIMU ' PAHUIIAMU

Annotanus. [Ipu ucciaeqoBaHusAX BOJHOBBIX HPOLIECCOB IIOCKUX U KPYT'OBBIX JIEMEHTOB B J1e()OPMHUPYEMBIX
TeJIaX BBOAWTCS NMOHATHE (a30BOH CKOPOCTH, KaK CKOpOCTH M3MeHeHus1 (a3oBoil cpensl. B ciydae rapMoHH4ecKuX
KoJIeOaHUH LIMIIMHIPUYECKOH 000JI04KH (ha30Basi CKOPOCTh BBIPAXKAETCSl Yepe3 YaCTOTy COOCTBEHHBIX KoyieOaHWH
CBOOOIHO ONEPTOH 1O KpasiM 000JIOUKH, ¥ TI03TOMY, UCCIIEJOBAaHHE BOJIH B IUIOCKHUX M KPYTOBBIX 3JIEMEHTaX MMEET
camoe TpsAMOe OTHOIICHHUE K Tpo0IeMe ormpeIeieHus] COOCTBEHHBIX (OPM U 4acTOT KoeOaHui 000JI09eK KOHSUHOH
JutiHBL. Ecnu nccienoBaHus NPOBOIATCS € YYETOM PEOJOTHYECKUX CBOMCTB MaTepHaia pacCMaTpUBaEMOH CHCTEMBI
WITH, KIMEETCsl OKpYIKaIoIas CUCTEMY Cpelia, TaKKe B OOILIEeM cilydae, IPOSBISIONIAs PEOJOrHYecKue CBOWCTBA, HC-
IOJIB30BAHHE ATUX CIOCOOOB 3HAUMTENBHO 3aTpyNHEHO. B Takumx ciydasx H3y4aeTcsi BIMSHHE PEOJOrMYECKHX
[apaMeTpOB Ha COCTABIIAIOIINE KOMIIEKCHOH (pa30BOM CKOPOCTHU NP ONPEAEICHHBIX 3HAYEHHAX YacTOT KOJIeOaHHH.
Hioke paccMaTpuBaroTcsi HEKOTOpPbIE OCECUMMETPHYHBIE 3a7a4y KoJieOaHUsl yIPYToro CjI0si OrpaHUuEeHbIE KECTKHUMHU
win 1eOpMUPYEMBIMH TPAHUIIAMH IIPU BO3JEHCTBMM Ha HEr0 HOPMAJIBbHOTO WM BPAIIATEILHOTO KacaTelbHOTro
HaIlpsyKCHUs. Pemenus paccMaTpruBaACMBbIX 3a7a4 NOJYYCHbI C UCIIOJb30BaAHUCM MHTCTPAJIbHBIX HpeOGpaSOBaHI/Iﬁ 10
KOOpPJIMHATE WJIU 110 BPEMEHHU.

Ki1roueBble ciioBa: ynpyrui, 0CECHMMETPHsI, BOJIHA, KoJieOaHuUs, 1e(OpMUPYEMBIH, IPOAOILHBIH, aHU30TPOII-
Hasl cpeza, npeodpa3oBanue Jlamaca, aHU30TPOITHBII CIIOM.
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