
ISSN 2518-170X (Online),  
ISSN 2224-5278 (Print) 

 
ҚАЗАҚСТАН РЕСПУБЛИКАСЫ 

ҰЛТТЫҚ ҒЫЛЫМ АКАДЕМИЯСЫНЫҢ  

Қ. И. Сəтпаев атындағы Қазақ ұлттық техникалық зерттеу университеті 

Х А Б А Р Л А Р Ы 

ИЗВЕСТИЯ 
 

НАЦИОНАЛЬНОЙ АКАДЕМИИ НАУК 
РЕСПУБЛИКИ КАЗАХСТАН 
Казахский национальный исследовательский 
технический университет им. К. И. Сатпаева 

N E W S 
 

OF THE ACADEMY OF SCIENCES 
OF THE REPUBLIC OF KAZAKHSTAN 

Kazakh national research technical university 
named after K. I. Satpayev

 
 

ГЕОЛОГИЯ ЖƏНЕ ТЕХНИКАЛЫҚ ҒЫЛЫМДАР 
СЕРИЯСЫ 

 
СЕРИЯ 

ГЕОЛОГИИ И ТЕХНИЧЕСКИХ НАУК 
 

SERIES  
OF GEOLOGY AND TECHNICAL SCIENCES 

 

3 (429) 

МАМЫР – МАУСЫМ 2018 ж. 
МАЙ – ИЮНЬ 2018 г. 

MAY  – JUNE 2018 
 
 

ЖУРНАЛ 1940 ЖЫЛДАН ШЫҒА БАСТАҒАН 
ЖУРНАЛ ИЗДАЕТСЯ С 1940 г. 

THE JOURNAL WAS FOUNDED IN 1940. 
 

ЖЫЛЫНА 6 РЕТ ШЫҒАДЫ 
ВЫХОДИТ 6 РАЗ В ГОД 

PUBLISHED 6 TIMES A YEAR 
 
 
 

АЛМАТЫ, ҚР ҰҒА                                           АЛМАТЫ, НАН РК                                           ALMATY, NAS RK



Известия Национальной академии наук Республики Казахстан 
  

   
2  

 
 
 

 
 
 
NAS RK is pleased to announce that News of NAS RK. Series of geology and technical 

sciences scientific journal has been accepted for indexing in the Emerging Sources Citation 
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate 
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation 
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of 
Science offers to researchers, authors, publishers, and institutions sets it apart from other 
research databases. The inclusion of News of NAS RK. Series of geology and technical 
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the 
most relevant and influential content of geology and engineering sciences to our community. 

 
 
Қазақстан Республикасы Ұлттық ғылым академиясы "ҚР ҰҒА Хабарлары. Геология жəне 

техникалық ғылымдар сериясы" ғылыми журналының Web of Science-тің жаңаланған нұсқасы 
Emerging Sources Citation Index-те индекстелуге қабылданғанын хабарлайды. Бұл индекстелу 
барысында Clarivate Analytics компаниясы журналды одан əрі the Science Citation Index Expanded, 
the Social Sciences Citation Index жəне the Arts & Humanities Citation Index-ке қабылдау мəселесін 
қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар мен мекемелерге контент 
тереңдігі мен сапасын ұсынады. ҚР ҰҒА Хабарлары. Геология жəне техникалық ғылымдар 
сериясы Emerging Sources Citation Index-ке енуі біздің қоғамдастық үшін ең өзекті жəне беделді 
геология жəне техникалық ғылымдар бойынша контентке адалдығымызды білдіреді.  

 
 
НАН РК сообщает, что научный журнал «Известия НАН РК. Серия геологии и технических 

наук» был принят для индексирования в Emerging Sources Citation Index, обновленной версии Web 
of Science. Содержание в этом индексировании находится в стадии рассмотрения компанией 
Clarivate Analytics для дальнейшего принятия журнала в the Science Citation Index Expanded, the 
Social Sciences Citation Index и the Arts & Humanities Citation Index. Web of Science предлагает 
качество и глубину контента для исследователей, авторов, издателей и учреждений. 
Включение Известия НАН РК. Серия геологии и технических наук в Emerging Sources Citation 
Index демонстрирует нашу приверженность к наиболее актуальному и влиятельному контенту 
по геологии и техническим наукам для нашего сообщества. 
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APPROXIMATE EQUATION PLATE OSCILLATION  
FOR TRANSVERSE DISPLACEMENT OF POINTS  

OF THE MEDIAN PLANE 
 

Abstract. The materials used in building structures have elastic and viscoelastic properties, are anisotropic, 
multilayer and other mechanical characteristics. Two-dimensional elements are components of many structures. 
Construction of general and approximate equations of oscillations of a various kind of plane elements is an actual 
problem in the development of theoretical bases of calculation of building designs and construction in general. These 
problems include the objectives of improved models of non-stationary nature of the structures and their elements, the 
materials of which are difficult mechanical, rheological properties inherent to various building designs under the 
influence of various external factors. 

Keywords: plate, oscillation, mixed points, dynamic motion, approximate equation, three-dimensional 
problem, stress. 

 

Let limitless in terms of plate thickness 12h is below the surface of a semi-infinite medium at depth

 10 hh  . Put the plane XY  in the median plane of the plate at 0z . Axis OZ to the right towards the 

outer surface of the outer layer. Denote the layer parameters index'' 1'', the upper layer   ;,  yx

 101 hhzh   by the index'' 2'', and the lower half-space   ;,  yx 01  zh  - index'' 3''. 

We assume that the materials of the upper layer of the plate and the grounds are homogeneous, 
isotropic, show the viscous properties. 

We introduce the potentials of  l  and  l  transverse and longitudinal waves well-known formulas 
     lll rotgradu 


,                                                           (1)  

where  lu


 – the displacement vector points in the layer of the plate and the foundation. 

In potentials  l  and  l  equations of motion of a layer of the plate and the foundation will take 
the form of:  

  
 

  
 

2

2

2

2

t
M

t
N

l

l
l

l

l

l
l

l 






 


,                                     (2)  

where the operator lN  is equal to: 

lll MLN 2 , 

  – three-dimensional Laplace operator; 2

2

2

2

2

2

zyx 










  ll ML , – viscoelastic operators. 
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The Helmholtz theorem, in the absence of internal sources of the vector potential


 of transverse 
waves must satisfy the condition: 

  0 ldiv


                                                                     (3) 

a closing equation for finding four unknown potentials        llll
321 ,,,  . 

Displacement, wvu ,,  deformation ij  and strains in Cartesian coordinates through the potentials 

and 


 the longitudinal and transverse waves are determined by the well-known formulas. 
In [1] it is shown that the boundary value problem vibrations of the plate under the surface are 

reduced to the integro-differential equations (2) with boundary and initial conditions: on the outer surface 
)( 0hz    

   ;,,)2(2 tyxfzzz      ;,,)2(2 tyxfzjjz                                              (4)  

on the contact boundary between the upper layer – plate )( 1hz    

   ;21
zzzz      ;01 jz    ;02 jz     21 ww                                           (5)  

on the boundary of the plate - foundation )( 1hz    

      ;,,3
3

31 tyxf zzzzz    

  ;01 jz       ;0,,33  tyxf jzij  

      tyxfww ,,3
0

31     yxj ,                                         (6) 

Furthermore, there should be conditions decay at infinity, i.e. at z   
  ;03         03

3
3

2
3

1  .                                                  (7) 

The initial conditions are zero, i.e. 

 
   

0










tt

l
j

l
l



                                                       (8) 

 ,3,1l  0t   3,2,1j . 

The task of the vibrations of the plate in a differentiable environment is reduced to the study of 
equation (2) satisfying the boundary (4), (5), (6) and initial conditions (8). 

In the study of oscillations of plate’s accurate three-dimensional problem is replaced by simpler, two-
dimensional points of median plane of the plate, which imposes limitations on the external conditions. 
These restrictions are that external forces cannot be high frequency. 

The above problem is solved with the use of Fourier X and Y Laplace at t. 
In the work [1] found the General solution of the formulated three-dimensional tasks for zero initial 

conditions and the General expressions for the displacement and strain. 
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  ,                                                             (11) 

where unknown      1
1

11 ,, WVU  are the tangent and normal displacements of the points in the plane 0z  

and points of median plane of the plate, 
     11

1
1

1 ,, WVU  - value of derivatives Z  transverse displacement 

or values type of deformation (  1W -deformation at 0Z ). 

Operators    1
2

2
1 ,  are two-dimensional integro-differential describing the propagation of longitu-

dinal and transverse waves in a plane 0z . 

For finding the unknown      1
1

11 ,, WVU      11
1

1
1 ,, WVU  we have boundary conditions (4)–(6). 



Известия Национальной академии наук Республики Казахстан 
  

   
262  

Using the formulas (9) and (11) of strains and displacements substituting these expressions into the 
boundary conditions (4) - (6) equations are obtained for determining the unknown functions that are 
general solutions of the considered problem and describing oscillations of a three-dimensional 
environment.  

For the study of oscillations of rectangular plates in terms of the need to formulate boundary 
problems. 

Under the boundary tasks fluctuations limited plate in the plan, which is under the surface, means the 
conclusion of the equation of oscillations of plates; the formulation of boundary conditions on the edges of 
the plate and the initial conditions for the functions. 

As a general equations of oscillations of plates obtained by the author [1] contain derivatives of any 

order of the coordinates yx,  and timet , stacked on the structure and therefore are not suitable for 

solving applied tasks and of engineering calculations. 
For this purpose it is necessary to formulate approximate boundary value problems of oscillation. 
In [2-5] is obtained approximate equation of transverse vibrations of the plate for transverse shift 

 1

1W   points of median plane of the plate in the shape of 
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where  tyxPAj ,,,,   are equal to 
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(13) 
Reaction of the basis of P, is determined by the formula (13) includes both the velocity of the points 

transverse displacement of the plane 0z  and the odd derivatives time.  

Thus, the law of resistance   1
1WP  (13) explicitly contains the parameters of the plate, foundation 

and topcoat.  
Despite the fact that the equation (12) is approximate, it is quite difficult. In the operators (13) 

contains all the parameters and operators characterizing the mechanical and rheological properties of the 
materials of plates - and the base layers and their thicknesses. 

We derive the boundary conditions on the edges of a rectangular plate. For simplicity, consider a flat 
edge constx  , the boundary conditions for easy record of the conditions for constx  , and for an 
arbitrary curved edge of the known formulas through the boundary conditions at constx  , consty  . 

Boundary conditions will display on the theory of thick platform or plates.  
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Based on the boundary conditions on a surface of a plate hz   or hz   we obtain the dependence 

of the quantities    1
1

1
1 ,Vu , from transverse shift  1

1W . 
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Rigid fixation of the edge constx  . As it is known from the theory of thick plates are two types of 
such fastening 

      01
1

1
1

1
1  wvu                                                       (15) 

or 
      011

1
1

1  xywu                                                             (16) 

hinge-supported edge constx  . 
For this fix also two ways of fastening.  

      011
1

1
1  xxwv                                                      (17) 

or 
      0111
1  xyxxw                                                      (18) 

Edge, free from strain.  
For the free edge stringent conditions are  

      0111  xyxzxx  .                                                         (19) 

Rigid and hinged fixations are quite simple, and using the approximate formulas (13) and the 
dependence (15), we obtain for the transverse displacement of the boundary conditions:  

For rigid fixation 
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For hinged fixation 
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For the edge, which is free from strain, in the formula of- xx  take the first additive component | z , 

and for  1
xz  the first two, as the first identical equation is zero due to conditions (15)  

It is obtained 
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excluding 
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 in the second condition (22) from the first, we obtain 
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The third of the conditions (19) gives 
 

 tF
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, i.e. in the first approximation 
 

x

W


 1

1  does not 

depend on y, and decide upon a solution to a particular problem.  
The first additive component in (23) differs from the classical and the second matches. The first 

condition (23) takes into account the deformability of the edge over time and d'Alembert principle similar 
to the dynamics of a material point. 

General initial conditions for the plate as a three-dimensional body are of the form: 
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Using dependency (14) for movements have 
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In the beginning let us consider the initial conditions from (24) for the movement. Then from the 
expressions (25) we get 
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Differentiating the expression (25) and by using the second three initial conditions (24), we similarly 
obtain 
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Initial conditions (26) and (27) provide the necessary number of initial conditions for transverse shift 
 1

1W  meets with the hyperbolic equation of fourth order in the coordinates and time. 
In conclusion, it should be noted that the evaluation and conclusion initial and boundary conditions 

for the plate under the surface completely coincides with similar initial boundary conditions for a free 
plate, obtained in the works [1]. 

Thus, in the formulation of boundary value problems boundary conditions do not depend on the 
presence of the upper layer and lower foundation. 
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Аннотация. Мақалада сыртқы əсерлер кезінде иілгіш жəне тұтқыр иілгіш пластиналардың динами-
калық қозғалысын анықтау дірілдерін математикалық теория тұрғысынан түсіндіруге талпынған. Осы көзқа-
расқа негізделген физикалық бейсызықтық материалдар теңдеулеріне жақындатылған, бастапқы ауыстыру 
мен кернеулерді ескерген жəне ескерусіз тұтқыр иілгіш пластиналардың бойлық жəне көлденең дірілдерінің 
нақты теңдеулері шығарылған. Нақты теңдеулер негізінде сол немесе олардан кейінгі дəлдік дəрежесі бар 
кейбір жуықтау теңдеулері талданған жəне олар үшін шекаралық есептер құрастырылған. 
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ДЛЯ ПОПЕРЕЧНОГО СМЕЩЕНИЯ ТОЧЕК СРЕДИННОЙ ПЛОСКОСТИ 

 

Аннотация. В настоящей работе предпринята попытка изложения математической теории колебаний 
упругой или вязкоупругой пластинки для изучения динамического их поведения при нестационарных внеш-
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баний вязкоупругих пластин с учетом и без учета начальных смещений и напряжений, приближенные 
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