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KaszakcmaH Pecniybnukacel ¥immbiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonozausi xoHe
MmexHUKarbIK FbiribiMOap cepusicbl” fbinbIMU XKypHanbiHbiH Web of Science-miH xaHanaHfFaH Hyckachl
Emerging Sources Citation Index-me uHOekcmernyze KabbindaHraHblH xabapsaldel. byn uHdekcmerny
b6apbiceiHOa Clarivate Analytics komnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke kabbinday maceneciH
Kapacmbipyda. Webof Science sepmmeywinep, aesmopnap, 6acnawhbinap MeH MekeMmesriepee KOHmMeHm
mepeHdiei MeH canacbiH ycbiHalbl. KP YFA Xabapnapbi. [eonoeusi XeHe MeXHUKasbIK fblibiMOap
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Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadyecmeo u eanybuHy KoHmeHma Ons uccriedosamesiel, asmopos, u3damesiell U y4pexoeHudl.
BkriroueHue Uzsecmusi HAH PK. Cepusi eeonozuu u mexHudeckux Hayk 8 Emerging Sources Citation
Index demoHCmMpupyem Hawy rnpueepXxeHHoCcMb K Hauboriee akmyarnbHOMY U 8/IUSIMEsIbHOMY KOHMeHmy
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CALCULATION AND VISUALIZATION OF A BODY MOTION
IN A GRAVITATIONAL FIELD

Abstract. The article presents the program for calculation and visualization of a material particle motion
trajectory in a gravitational field of two motionless objects M1 and M2. The system of differential equations of the
particle motion is solved using the ode45 procedure of the MATLAB system. At first the m-file under the title
«=finit2(t,x)», is created and then it is connected from a command line. Experiments with change of mass of the
second motionless object are made, i.e. at M1=50 for M2=0; 0.2; 1; 2; at M1=49 for M2=0; 1; 2; at M1=47 for
M2=0.5; 1.0. The movement of a point in the field of one motionless object happens along an ellipse, and intro-
duction of other motionless object of small mass leads to perturbation of an orbit and the trajectory isn't closed.
Initial parameters are introduced as global. By changing initial parameters it is possible to get various models of the
particle’s motion in the gravitational field. The results of this study can be used on theoretical mechanics classes of
the higher school.

Key words: gravitational field, trajectory, perturbation, ode45 procedure.

Nowadays all educational institutions of Kazakhstan are provided with computer hardware and
software, interactive boards and internet. Almost all teachers have completed language and computer
courses of professional development. Hence the educational institutions have all conditions for using
computer training programs and models for performing computer laboratory works. In recent years we
conduct work on organization computer laboratory works on physics with use of resources of the Fizikon
Company [1] and [2], developed at Al-Farabi Kazakh National University by V. V. Kashkarov and his
group. Some of worksheet templates for computer laboratory works are introduced in educational process
of our university and schools of the Southern Kazakhstan [3-29]. Students of the specialties SB060400 and
5B011000-physics successfully study the discipline “Computer modeling of physical phenomena” which
is the logical continuation of the disciplines “Information technologies in teaching physics” and “Use of
electronic textbooks in teaching physics”. The aim of this discipline is to study and learn the program
language of the MATLAB [30] system, acquaintance with its huge opportunities for the modeling and
visualization of physical processes. The MATLAB system is widely applied for calculating and visua-
lization of problems of applied mechanics which are studied by students of specialties SB070600-Geology
and exploration of mineral deposits, 5B071200-Mechanical engineering, 5B072900-Construction,
5B072400-Technological machines and the equipment, 5B071300-Transport, transport equipment and
technologies, 5SB070800-0il and gas business, 5B090100-Organization of transportations, movement and
operation of transport.

This article is devoted to calculation and visualization of a body motion in a gravitational field using
MATLAB software package.

Laboratory work “Calculation and visualization of a body motion in a gravitational field of two
motionless objects”.

Aim of the work: to work out the program for calculation and visualization of a body motion in a
gravitational field of two motionless objects.




Uzeecmuss Hayuonanvnot akademuu nayk Pecnyonuxu Kazaxcman

Formulation of the problem: A particle of mass m moves in a gravitational field of two motionless
objects with masses M1 and M2 (figure 1).
The motion of the particle with mass m is described by the following equation

mﬁ:_gﬁ(ﬁ_g)_gg_f‘?r(ﬁ_g) 0
1 )
M2 m, —
r2
R rl M1

Figure 1 — The diagram of a location of the particle with mass m
in gravitational field of two motionless objects with masses M1 and M2

The equation (1) is the second-order differential equation. It can be reduced to the first-order
equation:

R=V
- - ~ 2
V=L 3(R—17,)—G—ﬁM2 +(R-7) @
R R
We suppose that motion occurs on the plane and introduce the following denotations:
R= (x],xZ), 7= (c]x,c]y), vy = (ch,cZy), V= (x3,x4) 3)

Using these denotations we rewrite the equation (2) as the followings

xI=x3; x2=x4,

_ MI(xI-clx) M 2(xI-c2x) )

x3=-G 2 RZA 2 INNEE
((x]—clx) +(x2-cly) ) ((x]—c2x) +(x2-c2y) )

ide—G MI(xZ—c]y) __ M2(x2—02y) _

((x] — c]x)2 + (x2 —c]y)z) ’ ((x] - c2x)2 + (x2 - cZy)Z)

Without impact on the solution of the problem, we take the value of a gravitational constant to be
equal to G=1 and M1=50. M2=0 (their values can be changed). Also we suppose that coordinates of
motionless objects are cl= (5,0), c2= (0,10). Then the system of the equations can be written as m. file
under the title finit2.

Listing of the m. file

f=finit2(t,x)

global M1 M2 clx cly ¢2x c2y

=[x(3);x(4);...

-M1T*(x(1)-c1x)/(sqrt((x(1)-c1x)"2+(x(2)-cly)*2))"3-...

M2*(x(1)-c2x)/(sqrt((x(1)-c2x)"2+(x(2)-c2y)"2))"3;

-M1*(x(2)-cly)/(sqrt((x(1)-c1x)"2+(x(2)-cly) 2))"3-...

M2*(x(2)-c2y)/(sqrt((x(1)-c2x)"2+(x(2)-c2y)"2))"3];

end
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The program of the movement of a particle of mass m in the field of one motionless object with mass
M1=50. In the command line of MATLAB we write

>> global M1 M2 clx cly ¢2x c2y

>> M1=50; M2=0; c1x=5; cly=0; ¢2x=0; c2y=10; % input of parameters

>> x0=0; y0=0; vx0=0; vy0=4.3; T1=4000; % input of parameter

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation

>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;

>> plot(x,y) % drawing the motion trajectory

>> orid on% drawing the coordinate grid

>> hold on% drawing the next element

% drawing the location of motionless objects

>>plot(x1,yl,'r+',x2,y2,'r*','MarkerSize',15);

>> plot(x1,y1,'r0',x2,y2,'ro','MarkerSize',15);

>> gtext('M1=50") % input of the notation in the figure

>> gtext('M2=0") % input of the notation in the figure

The result is presented in the figure 2.

20

15

10

Figure 2 — The trajectory of a particle motion in a gravitational field of one motionless object with mass M1

It is known that the particle in a gravitational field of one motionless object with a certain mass
moves along an ellipse or a circle. In the figure 2 the line trajectory is indistinct. This is due to insufficient
accuracy of the calculation. By default the accuracy of calculation of the ode45 procedure is 1e-6 which
isn't enough for the considered problem. Therefore, in the ode45 procedure the calculation accuracy is
taken to be 1e-9.

>> global M1 M2 clx cly ¢2x c2y

>>M1=50; M2=0; c1x=5; cly=0; ¢2x=0; c2y=10; % input of parameters

>> x0=0; y0=0; vx0=0; vy0=4.3; T1=4000;

>> tol=1e-9;

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0],0odeset('RelTol',tol));

>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;

>>plot(x,y) % drawing the trajectory of the motion

>> grid on

>> hold on% drawing the next element

% drawing the location of motionless objects

>> plot(x1,y1,'r+',x2,y2,7™",'MarkerSize',15);

>>plot(x1,y1,'r0',x2,y2,'ro', MarkerSize',15);
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>>gtext('M1=50") % input of the notation in the figure
>> gtext('M2=0") % input of the notation in the figure
The result is presented in the figure 3.
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Figure 3 — The trajectory of a particle motion in a gravitational field of one motionless object with mass M1

Now we have got the perfect picture of the trajectory.

The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=50 and M2=0.2.

>> M1=50; M2=0.2; c1x=5; cly=0; c¢2x=0; c2y=10; % input of parameters

>> x0=0; y0=0; vx0=0; vy0=4.3; T1=1000; % input of parameters

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation

>>x=h(:,1); y=h(:,2); x1=c1x; yl=cly; x2=c2x; y2=c2y;

>> plot(x,y); % drawing the motion trajectory

>> gtext('M2=0.2") % input of the notation in the figure

>> gtext('M1=50") % input of the notation in the figure

The result is presented in the figure 4.

Figure 4 shows that introduction of the second motionless object with a small mass of M2=0.2 leads
to disturbance of an orbit and the orbit isn't closed.
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Figure 4 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=50 and M2=0.2
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The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=50 and M2=1.

>> global M1 M2 clx cly ¢2x c2y

>> M1=50; M1=1; c1x=5; cly=0; ¢2x=0; c2y=10; % input of parameters

>> x0=0; y0=0; vx0=0; vy0=4.3; T1=1000; % input of parameters

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation

>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;

>> plot(x,y); % drawing the motion trajectory

>> grid on% drawing the coordinate grid

>> hold on% drawing the next element

>> 9% drawing the location of motionless objects

>>plot(x1,y1,'r+',x2,y2,'r*','MarkerSize',15);

>> plot(x1,y1,r0',x2,y2,'ro','MarkerSize',15);

>> gtext('M1=50") % input of the notation in the figure

>> gtext('M2=1") % input of the notation in the figure

The result is presented in the figure 5.
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Figure 5 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=50 and M2=1

Figure 5 shows that the increase in mass of the second motionless object leads to a greater distur-
bance of the orbit.

The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=50 and M2=2.

>> global M1 M2 clx cly ¢2x c2y

>> M1=50; M2=2; c1x=5; cly=0; ¢2x=0; c2y=10; % input of parameters

>> x0=0; y0=0; vx0=0; vy0=4.3; T1=1000; % input of parameters

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation

>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;

>> plot(x,y); % drawing the motion trajectory

>> grid on% drawing the coordinate grid

>> hold on% drawing the next element

>> % drawing the location of motionless objects

>> plot(x1,y1,r+',x2,y2,'r' '"MarkerSize',15);

>>plot(x1,y1,'ro',x2,y2,'ro','MarkerSize',15);

>> otext('M1=50") % input of the notation in the figure

>> gtext('M2=2") % input of the notation in the figure

The result is presented in the figure 6.
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Figure 6 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=50 and M2=2

The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=49 and M2=0.
>> global M1 M2 clx cly c¢2x c2y
>> M1=49; M2=0; c1x=5; c1y=0; ¢2x=0; c2y=10; % input of parameters
>>x0=0; y0=0; vx0=0; vy0=4.3; T1=300; % input of parameters
>> [t,h]=o0de45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation
>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;
>> plot(x,y); % drawing the motion trajectory
>> orid on% drawing the coordinate grid
>> hold on% drawing the next element
% drawing the location of motionless objects
>>plot(x1,y1,'r+',x2,y2,'r*','MarkerSize',15);
>>plot(x1,y1,r0',x2,y2,'ro','MarkerSize',15);
>> gtext('M1=49") % input of the notation in the figure
>> gtext('M2=0") % input of the notation in the figure
The result is presented in the figure 7.
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Figure 7 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=49 and M2=0
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The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=49 and M2=1.

>> global M1 M2 clx cly ¢2x c2y

>> M1=49; M2=1; c1x=5; cly=0; c2x=0; c2y=10; % input of parameters

>> x0=0; y0=0; vx0=0; vy0=4.3; T1=1000; % input of parameters

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation

>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;

>> plot(x,y); % drawing the motion trajectory

>> grid on% drawing the coordinate grid

>> hold on% drawing the next element

>> 9% drawing the location of motionless objects

>> plot(x1,y1,'r+',x2,y2,'r*','MarkerSize',15);

>> plot(x1,y1,r0',x2,y2,'ro','MarkerSize',15);

>> gtext('M1=49") % input of the notation in the figure

>> gtext('M2=1") % input of the notation in the figure

The result is presented in the figure 8.
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Figure 8 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=49 and M2=1

The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=49 and M2=2.

>> global M1 M2 clx cly ¢2x c2y

>> M1=49; M2=2; c1x=5; cly=0; c2x=0; c2y=10; % input of parameters

>> x0=0; y0=0; vx0=0; vy0=4.3; T1=1000; % input of parameters

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation

>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;

>> plot(x,y); % drawing the motion trajectory

>> grid on% drawing the coordinate grid

>> hold on% drawing the next element

% drawing the location of motionless objects

>> plot(x1,y1,r+',x2,y2,'t*' '"MarkerSize',15);

>>plot(x1,y1,'ro',x2,y2,'ro','MarkerSize',15);

>> otext('M1=49") % input of the notation in the figure

>> gtext('M2=2") % input of the notation in the figure

The result is presented in the figure 9.

The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=47 and M2=0.5.
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Figure 9 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=49 and M2=2

>> global M1 M2 clx cly c¢2x c2y;

>> M1=47; M2=0.5; c1x=5; cly=0; c2x=0; c2y=10; % input of parameters
>> x0=0; y0=0; vx0=0; vy0=4.3; T1=4000; % input of parameters

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation
>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;

>> plot(x,y); % drawing the motion trajectory

>> orid on% drawing the coordinate grid

>> hold on% drawing the next element

% drawing the location of motionless objects

>> plot(x1,y1,'r+',x2,y2,7™','MarkerSize',15);
>>plot(x1,y1,r0',x2,y2,'ro','MarkerSize',15);

>> gtext('M1=47") % input of the notation in the figure

>> gtext('M2=0.5") % input of the notation in the figure

The result is presented in the figure 10.
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Figure 10 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=47 and M2=0.5

The program of the movement of a particle of mass m in the field of two motionless objects with
masses M1=47 and M2=1.

— g4 ——



ISSN 2224-5278 Cepus eeonocuu u mexuuyeckux Hayk. Ne 4. 2018

>> T1=4000; M1=47; M2=1;

>> [t,h]=ode45(@finit2,[0,T1],[x0,y0,vx0,vy0]); % solution of the differential equation
>>x=h(:,1); y=h(:,2); x1=clx; yl=cly; x2=c2x; y2=c2y;
>> plot(x,y) % drawing the motion trajectory

>> grid on% drawing the coordinate grid

>> hold on% drawing the next element

% drawing the location of motionless objects

>> plot(x1,y1,r+',x2,y2,'t*' 'MarkerSize',15);

>> plot(x1,y1,'ro',x2,y2,'ro','MarkerSize',15);

>> otext('M1=47") % input of the notation in the figure
>> gtext('M2=1") % input of the notation in the figure
The result is presented in the figure 11.
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Figure 11 — The trajectory of a particle motion in a gravitational field of two motionless objects with masses M1=47 and M2=1

Conclusion. The program allows performing modeling at various initial parameters: for example at
M1=50 and M2=0; 0.2; 1; 2; at M1=49 and M2=0; 1; 2; at M1=47 and M2=0.5; 1.0. Students are sug-
gested to simulate independently for other various initial parameters by changing calculation accuracy
using the command “odeset (‘RelTol', tol)”.

The use of the MATLAB language for simulation of the material particle motion in the gravitational
field of two motionless objects with different masses helps greatly in study of the gravitational field
influence on the particle’s motion.

The movement of the particle in the field of one motionless object happens along an ellipse, and
introduction of other motionless object of small mass leads to perturbation of an orbit and the trajectory
isn't closed.
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K. A. Ka0bL10ekoB, X. A. AGapaxMaHoBa,
M. H. Epmaxanos, b. A. Ypmaiues, E. T. )Karkan6aen

M. OyesoB ateiaaarsl OHTYCTiK Kasakcran memiekerTik yauBepeuteti, LlIsiMkenT, Kazaxcran
JIEHEHIH I'PABUTAIIUAJIBIK OPICTE KO3FAJIBICHIH ECENITEY MEH BEVMHEJIEY

AnHoranus. Exi TeIHBIUTHIKTarel M1 xoHe M2 O0OBEKTUICPIIH TPaBUTAIMSIBIK OPICIHAC MAaTCPHUSIIBIK
HYKTEHIH TPaeKTOPHUACHIH ecenTey MEH OcitHesney YCchHbpUFaHlpemiaraeTest mporpaMma pacueTa U BU3yaan3aliiy.
KosramsicTeig auddepennunanpik regaeynep xyheci MATLAB xyitecinne ode45 nponenypaceiMer menriiedi. Ox
ywiH angeiH-ana «f=finit2(t,x)» gem aramateiH m-¢aitn sxazpulagel koHe o MATLAB TBIH KOMaHIAIBIK
CTPOKAaChIHAH KOCBUIAABI. THIHBIITHIKTAFEl OipiHIII OOBEKTIHIH MaccachlH e3reprhned M1=50, THIHBIITHIKTAFHI
eKiHmI 00BeKTiHIH MaccacklH M2=0; 0.2; 1; 2 mamanapbeIHIa €3repTill SKCIIEPUMEHTTED KYPTi3iireH;

ConbiMer KaTap M1=49, M2=0, 1, 2; M1=47, M1=0.5,1.0 mamanap OOWbIHIIIA SKCIIEPUMEHTTEP KalTaJaHFaH.
TBIHBIITHIKTAFEl Oip OOBEKTIHIH OPICIHAEC MATCPUSUIBIK HYKTEHIH KO3FaJIbICHI 3JUIAIIC OOMBIHIA, ajl eKIHIIN OOBEKT
KOCBUTFaH/Ia HYKTEeHIH TPAeKTOPHSCHI IIaMalibl ©3repelli e TPAeKTOpHsl TyHWbIKTanMaiasl. bacrankel napamerpiep
ro0aNIpl IS JKapusUIaHFaH. bacTankel MapMETpIICpiH ©3repTy apKbUIbI MAaTCPHAIBIK HYKTCHIH T'PaBHUTAIUSIIBIK
epicTeri KO3FaJIbICBIHBIH dp TYPJIi MOJEJIH ayFa 00Ja/ibl.

3epTTey HOTIIKENIEPi XKOFaphl OKY OPBIHAAPBIHAAFbl TCOPUSUIIBIK MEXaHHUKA JIOPICTEPIHIE KOMIaHyFa 00abl.

TyiiiH ce31ep: rpaBUTAIHSIIBIK OPIC, TPACKTOPUS, 03repTy, oded5 mporeaypacsrl.

K. A. Ka6bL10exoB, X. A. AGipaxmMaHoBa,
M. H. EpmaxaHos, b. A. Ypmauues, E. T. ’Karkan6aen

IOxH0-Ka3axcranckuii rocyjapcTBeHHbIH yHUBepcuTeT uM. M. Aya3osa, IlIsimkenT, Kazaxcran
PACYET U BU3YAJIN3AIUSA IBUKEHUSA TEJIA BI'PABUTAIMOHHOM I10JIE

AnHoTanus. B cTatbe IpUBOIUTCS pacyeT W BU3yaJTH3aIHUs TPACKTOPHH IBIDKEHHS MaTEPUANBHOW TOYKH B
IpaBUTAIIMOHHOM I10JIE IByX HENOABWKHBIX 00bekTOB M1 1 M2. Pemenne cucremsl anddpepeHinanbHbIX YpaBeHUH
JBIDKEHUsT TpoBouTcst mpouenypoit ode4S cucrembr MATLAB. Crauana co3maercs m-gaiin moj Ha3BaHHEM
«f=finit2(t,x)», KOTOPBIA MOAKIIOYACTCS C KOMAaHIHOM cTpoKku. Jlanee MpOBOIUTCS MOICIMPOBAHKHE C H3MCHEHHEM
MAacChl BTOPOT0 HEIMOJIBM)KHOTO 00BEKTa MPH MOCTOSHHON Macce mepBoro oobekra: M2=0; 1; 2 npu M1=50; M2=0,
1, 2 npu M1=49; M1=0.5 u 1.0 npu M1=47. J]IBukeHrEe TOYKHU B MOJIC OJHOTO HETOJABHKHOTO 00BHEKTA MPOUCXOIUT
IO AJUIUIICY, & BBEJACHUE IPYrOTr0 HEMOIBHKHOTO 00BEKTa MaJIOH MacChl IPUBOIUT K BOSMYIIICHHIO OPOUTHI M TPACK-
TOpUsl He3aMKHYyTa. VCXOmHBIE MapaMeTpbl OOBSBIICHBI Kak TI0OanbHbIC. MeHsS UCXOIHBIC MapaMeTPhl MOXHO
MOJIYYUTh Pa3HbIC MOJICIH ABIKCHHS MAaTCPUAILHON TOUYKH B TPABUTALIMOHHOM TIOJIC.

PesynbraThl MccnenoBaHus MOTYT OBITh UCIIOJIB30BaHBI HAa 3aHATHSAX MO TEOPETUICCKONH MEXAHWKE B BBHICIIHX
y4eOHBIX 3aBEICHUAX.

KuroueBble cJI0Ba: TpaBUTAIIMOHHOE T10JIE, TPACKTOPHS, BOMYIIEHHE, TTporeaypa ode4s.
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