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NAS RK is pleased to announce that News of NAS RK. Series of geology and technical 

sciences scientific journal has been accepted for indexing in the Emerging Sources Citation 
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate 
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation 
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of 
Science offers to researchers, authors, publishers, and institutions sets it apart from other 
research databases. The inclusion of News of NAS RK. Series of geology and technical 
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the 
most relevant and influential content of geology and engineering sciences to our community. 

 
 
Қазақстан Республикасы Ұлттық ғылым академиясы "ҚР ҰҒА Хабарлары. Геология жəне 

техникалық ғылымдар сериясы" ғылыми журналының Web of Science-тің жаңаланған нұсқасы 
Emerging Sources Citation Index-те индекстелуге қабылданғанын хабарлайды. Бұл индекстелу 
барысында Clarivate Analytics компаниясы журналды одан əрі the Science Citation Index Expanded, 
the Social Sciences Citation Index жəне the Arts & Humanities Citation Index-ке қабылдау мəселесін 
қарастыруда. Webof Science зерттеушілер, авторлар, баспашылар мен мекемелерге контент 
тереңдігі мен сапасын ұсынады. ҚР ҰҒА Хабарлары. Геология жəне техникалық ғылымдар 
сериясы Emerging Sources Citation Index-ке енуі біздің қоғамдастық үшін ең өзекті жəне беделді 
геология жəне техникалық ғылымдар бойынша контентке адалдығымызды білдіреді.  

 
 
НАН РК сообщает, что научный журнал «Известия НАН РК. Серия геологии и технических 

наук» был принят для индексирования в Emerging Sources Citation Index, обновленной версии Web 
of Science. Содержание в этом индексировании находится в стадии рассмотрения компанией 
Clarivate Analytics для дальнейшего принятия журнала в the Science Citation Index Expanded, the 
Social Sciences Citation Index и the Arts & Humanities Citation Index. Web of Science предлагает 
качество и глубину контента для исследователей, авторов, издателей и учреждений. 
Включение Известия НАН РК. Серия геологии и технических наук в Emerging Sources Citation 
Index демонстрирует нашу приверженность к наиболее актуальному и влиятельному контенту 
по геологии и техническим наукам для нашего сообщества. 
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PARTICULARITIES OF MULTI-CUTTER CUTTING DYNAMICS 
 

Abstract. Certain particularities of steady continuous cutting dynamics for multi-cutter turning and the results 
of mathematical modeling are discussed in the paper. The effect of processing parameters on the excitation of 
vibration in the case of multi-cutter turning of a long cylindrical part with finite flexibility is studied. Depending on 
the fixing rigidity of the cutters and their relative positioning, different forms of the tool oscillation and formed chips 
are analyzed. 

The model is based on equations of motion and the cutting law in the form of a fractional function together with 
the equation for new surfaces formation which are represented as a system of differential-algebraic equations with 
several delays describing the dynamics of multi-cutter turning. These equations allow consider the regenerative 
mechanism of oscillations excitation in the system. The evolution of the cutter’s oscillations to steady regime in the 
case of an angular shift of the cutters, as well as the evolution of chips are shown in the work. An example of the 
operation of cutters, which angular shift allows to control the work of the cutting edges is given. The reasons for the 
stability loss and the self-oscillations excitation are noticed. The procedure for integrating systems of differential-
algebraic equations with retarded argument and the model of two-cutter turning taking into account the compliance 
of the cutting tool fixation is considered.  

Influence of the technological system parameters on the stability of continuous cutting regime is analyzed. 
Key words: multi-cutter turning, dynamics, modelling, continuous cutting, discontinuous cutting, self-excited 

vibration, stability, time-delay. 
 

Introduction. The turning of parts is often accompanied by the occurrence of self-oscillations in the 
"machine-tool-workpiece" system, which adversely affects the quality of the parts produced and the equip-
ment wear. Various reasons for their occurrence, in particular, caused by the nonlinearity of cutting forces, 
compliance of the machine elements or the part itself, cutting tool fastening conditions, turning along the 
surface formed on the previous revolution of the part (or tool), thermomechanical effects in the cutting 
zone, and etc. are detailed in modern literature [1-10]. Under certain conditions, turning with constant 
thickness of the removed layer (chips) can become dynamically unstable. General questions of the onset of 
the oscillations during cutting have been discussed in numerous works [1, 11, 12]. 

One of the reasons for the stability loss and the self-oscillations excitation is the nonlinearities of both 
the cutting forces and the frictional forces (in particular, when the flank face of the cutter is rubbed), 
which depend on the cutting speed and the thickness of the layer to be removed and which lead to chips 
discontinuity [13-15]. Other reasons for stability loss are the regenerative chatter, i.e. time delay between 
two subsequent tools, the workpiece compliance, temperature effects, etc. [4, 16-19]. 

Problem formulation. At the same time, due to the development of various non-classical cutting 
schemes, in particular, using multiple cutters simultaneously, a number of new problems related to the 
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analysis of the dynamics of the multi-cutter cutting process arise [20-25]. Note that multi-cutter turning 
allows combining different types of processing (roughing and finishing), the cutting depth (the thickness 
of the layer to be removed) in one pass can be increased, the transverse components of cutting forces can 
be balanced (which is important especially for turning long parts), manufacturing time is significantly 
shortened [26, 27]. In a number of cases such a scheme of processing makes it possible not to use 
intermediate support elements with simultaneous increase in the cutting depth.  

The aim of this paper is to determine the conditions for self-excitation of oscillations and to estimate 
the possibility of realizing a continuous (segmentation-free) cutting. For this purpose, the effect of pro-
cessing parameters on the excitation of vibration in the case of multi-cutter turning of a long cylindrical 
part with finite flexibility is studied. In the case of multi-cutter turning, the axial (along the longitudinal 
axis of the workpiece) displacement (vibration) of the cutters has an important role in the appearance of 
extremely undesirable vibration regimes (the phenomenon of dynamic instability). Depending on the 
fixing rigidity of the cutters and their relative positioning, different forms of oscillation of the tool and 
formed chips may occur. 

Mathematical model of the multi-cutter turning. Let us consider the workpiece as an absolutely 
rigid body of cylindrical shape with the machined surface of radius R and length l. The workpiece rotates 
around its longitudinal axis with constant angular velocity ߱ (figure 1,a). The processing is carried out 
simultaneously by n cutters located along the circumference of the workpiece at an angle ߮ሺ݆ ൌ 1, ݊തതതതതሻ to 

each other so that ∑ ߮ ൌ ୀߨ2
ଵ . All the cutters are fixed to a single support moving along the workpiece 

longitudinal axis with constant velocity V (figure 1,b). Each j-th cutter is considered as a rigid body 
independently fixed in a separate toolholder with finite stiffness in axial direction. For the sake of clarity 
of the results obtained, we shall limit ourselves to considering only the longitudinal (along the axis of the 
workpiece) components of the cutting forces and displacements of the cutter.  

Note that all the subsequent reasoning and mathematical calculations are also valid for the case of 
longitudinal feed of a workpiece and a rotating support. 

Mathematical model of nonlinear dynamics of the process under consideration can be described by 
the system consisted of three groups of equations: equations of technological system motion, cutting law 
and equations of new surfaces formation [7, 9, 11, 15, 21, 23]. 

 

 
 

Figure 1 – Design scheme of multi-cutter turning 
 

Equations of motion, describing vibration of the cutters in longitudinal direction could be written as 
follows [11-13, 15]: 

( ), ; 1,j j j j j j j jm u d u k u F t h j n=- - + =                                            (1) 

where mj is mass of the j-th cutter, dj and kj are coefficients of damping and stiffness of the j-th cutter 
attachment, respectively; uj(t) is axial displacement of the j-th cutter relative to the nominal (quasistatic) 
state; hj(t) is cutting chips thickness removed by the j-th cutter. 
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Cutting law for every j-th cutter is described by the cutting law model in the form of a fractional 
function [7, 17, 20]: 

( ) ( ) ( )
( )0 , 1,j

j j
j

c r h t
F t K h t j n

c h t

+
= =

+
                                                   

(2) 

where ܭ ൌ is characteristic stress of the processed material; Bߪ ,is static cutting stiffness ܤߪߛ  is a 
width of the removed layer (chips); ߛ, ,ݎ ܿ are experimentally determined coefficients. Thickness hj(t) of 
the material removed by the j-th cutter at multi-cutter cutting depends on the workpiece surface geometry, 
formed at cutting by the previous (j-1)-th cutter. 

New surfaces formation equations, forming by the j-th cutter, are the functions of time t measured 
from the free (untreated) end of the workpiece. Herewith the j-th cutter processes the surface formed by 

the previous (j-1)-th cutter, at the moment ( )1j jt t -- . Time 1jt -  is a delay, equal to the time of turning 

the part by the angle between the cutting edges ݐିଵ ൌ ߮ିଵ/߱. These features can be described by 
equations of new surfaces formation in the following form [7, 9, 15]: 

൞

ሻݐሺܦ ൌ ݐܸ െ ሻݐሺݑ െ ݐିଵ൫ܮ െ ିଵ൯ݐ  ܣ െ ,ܪ

݄ሺݐሻ ൌ maxൣ0, ,ሻ൧ݐሺܦ

ሻݐሺܮ ൌ ݐିଵ൫ܮ െ ିଵ൯ݐ  ݄ሺݐሻ,

                                     (3) 

 

where (see figure 1,a): ( )jD t
 
is the distance between cutting edge of the j-th cutter and the surface 

treated by the previous (j-1)-th cutter at the moment 1jt t -- ; ( )jL t  is the distance from the right end of 

the part to the surface generated by the j-th cutter; A stands for the distance measured from the initial 

position of the cutting edge of the first cutter to the right end of the workpiece; 0 jH is the axial offset of j-

th cutter relative to the first one, for which the distance A is measured; t stands for current time. 
Equations {(1) - (3)} are a system of differential-algebraic equations with several delays describing 

the dynamics of multi-cutter turning. These equations allow considering the regenerative mechanism of 
oscillations excitation in the system: a new surface resulting on the current processing cycle contains 
information about all previous tool passes. 

Let us reduce the system of equations {(1) - (3)} to dimensionless form by taking the feed per 

revolution 0h  as a linear scale *X , as a time scale ∗ܶ ൌ ට∑ ܶ
ଶ/݊,

ୀଵ 	 ܶ ൌ ඥߨ2 ݉/ ݇		, ܶ 	is a period of 

the cutters natural oscillations; as a cutting force scale 0 0F K h*= . 

Then in case of the identical cutters and equality of their fixing conditions

( )*, , , , 1, ,i i i im m k k d d T T T i n= = = = = =  the equations in dimensionless form take the form: 

ە
ۖ
۔

ۖ
∆ۓ

ሺ߬ሻ ൌ ߩ/߬ െ	ߦሺ߬ሻ െ Ʌିଵ൫߬ െ ߬ିଵ൯  A െ H, ∑ ߬

ୀଵ 	ൌ ρ,

ηሺ߬ሻ ൌ max ቀ0, ∆ሺ߬ሻቁ ,П ൌ η ቀη∗  ηቁݎ / ቀη∗  ηቁ	

0 ൌ െɅሺ߬ሻ  Ʌିଵ൫߬ െ ߬ିଵ൯  ηሺ߬ሻ,

ߦ
῎ ൌ െ4ߨϚߦ

՛ െ ߦଶߨ4  ,Пߢଶߨ4 ݆ ൌ 1, ݊തതതതത

                             (4) 

where the following dimensionless quantities and complexes are introduced: 

ߦ ൌ
ݑ
݄
,Ϛ ൌ

݀

2√݉݇
, ߢ ൌ

ܭ
݇
, η ൌ

݄

݄
, η∗ ൌ

ܿ
݄
,П ൌ

ܨ
݄ܭ

, 

 

Ʌሺ߬ሻ ൌ
ೕ
బ
, ∆ൌ

ೕ
బ
, с ൌ

ଶగ

ఠ ∗்
, A ൌ



బ
, H ൌ

ுబೕ
బ

                                          (5) 
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ρ is ratio of the cutters natural frequency to the frequency of the workpiece rotation and equals to the 
dimensionless time of one revolution of the workpiece (the parameter 1/ρ is a dimensionless cutting 
speed); k is relative static cutting stiffness, which, in this case, are the same for the zones of interaction 
between the cutters and the workpiece; Пis a dimensionless axial component of the cutting force. 

Two-cutter turning. In the particular case of two-cutter turning, the cutters divide the circumference 
of the workpiece cross-section into two unequal parts (figure 2), which are determined by the angles 
߮ଵ ൌ ߨ  ∆߮ and ߮ଶ ൌ ߨ െ ∆߮, ∆߮ is deviation of the angle between the cutters from ߨ. 

 

 
 

Figure 2 – Design scheme of two-cutter turning 
 

The dynamics equations (4) for two-cutter turning are written in the following form:  

ە
ۖۖ
۔

ۖۖ
ۓ ∆ሺ߬ሻ ൌ

ఛ

ρ
െ ሺ߬ሻߦ െ Ʌ൫߬ െ ߬൯  A െ ሺ݆ െ 1ሻH,

ηሺ߬ሻ ൌ max ቀ0, ∆ሺ߬ሻቁ ,Ʌሺ߬ሻ ൌ Ʌ൫߬ െ ߬൯  ηሺ߬ሻ,

П ൌ η ቀη∗  ηቁݎ / ቀη∗  ηቁ

ߦ
῎ ൌ െ4ߨϚߦ

՛ െ ߦଶߨ4  ,ଶκПߨ4 ݆ ൌ 1,2; ܬ ൌ modሺ݆ െ 2,2ሻ  1

                            (6) 

with the initial condition Ʌሺ0ሻ ൌ Ʌ൫െ ߬൯. In this case, the values of the delays are normalized as 
follows: ߬ଵ ൌ ,ߨଵ/2߮ߩ ߬ଶ ൌ ,ߨଶ/2߮ߩ ߩ ൌ ߬ଵ  ߬ଶ.  

Continuous cutting is characterized by the fact that ( )1, 2 0D t ³ "t . In this case the complete 

system of equation (6) can be simplified, and we may consider only the equations for the cutters 
deviations: 

ߦ
῎ሺ߬ሻ ൌ െ4ߦ߫ߨ

΄ሺ߬ሻ െ ሺ߬ሻߦଶߨ4  ,ଶκΠሺ߬ሻߨ4

Πሺ߬ሻ ൌ η ൬η∗  ηሺ߬ሻ൰ݎ / ൬η∗  ηሺ߬ሻ൰ ,

ηሺ߬ሻ ൌ
߬
ߩ  ൫߬ߦ െ ߬൯ െ ,ሺ߬ሻߦ ݆ ൌ 1,2, ܬ ൌ modሺ݆ െ 2,2ሻ  1

																																			ሺ7ሻ 

Stationary continuous turning is an unperturbed motion ൫ߦሺ߬ሻ ൌ ߦ ൌ ,ݐݏ݊ܿ ߟ ൌ ߟ ൌ  ,൯ݐݏ݊ܿ
for which the parameters of the removing layer thickness are determined by the following            
relationships: 

ηଵ ൌ ߬ଶ/ρെ ଵߦ  ଶߦ  Η, ηଶ ൌ ߬ଵ/ρെ ଶߦ  ଵߦ െ Η

Π ൌ η
η∗  ηݎ
η∗  η

, ߦ ൌ κΠ, ݆ ൌ 1,2
																																									ሺ8ሻ 

 Equations in variations near the unperturbed motion (8) for equations (7) have the form 
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ቊ
ଵߦߜ

῎  ଵߦߜ߫ߨ4
΄  ଵߦߜଶߨ4 ൌ ଵሺ߬ሻߦߜଶκρଵ൫െߨ4  ଶሺ߬ߦߜ െ ߬ଶሻ൯,

ଶߦߜ
῎  ଶߦߜ߫ߨ4

΄  ଶߦߜଶߨ΄4 ൌ ଶሺ߬ሻߦߜଶκρଶ൫െߨ4  ଵሺ߬ߦߜ െ ߬ଵሻ൯.
 

(9)   

ρ ൌ
ߎ߲
߲η

ቤ
ఎೕୀఎೕబ

ൌ ݎ 
η∗
ଶ	ሺ1 െ ሻݎ

ቀη∗  ηቁ
ଶ , ݆ ൌ 1,2 

 
The characteristic equation is obtained from (9) by substituting the solution in the form of                       

ߦߜ ൌ expሺ߬ߣሻܥ: 

ܲሺߣ; ߫, ρ, κሻ ൌ ⋯
ൌ ሾߣଶ  4р߫ߣ  ଶሺ1ߨ4  κρଵሻሿሾρλଶ  ߣ߫ߨ4  ଶሺ1ߨ4  κρଶሻሿ െ ⋯

…െ ସκଶρଵρଶexpሺെλρሻߨ16 ൌ 0.
																															ሺ10ሻ

 

On the boundaries of the motion stability regions (8), the characteristic value ߣ is equal to the purely 
imaginary value ߣ ൌ ,ݏ݅ߨ2 ݏ ∈ Թ. From equation (10) the boundaries ሼκሺݏሻ, ρሺݏሻሽ can be found in para-
metric form (figure 3): 

 
Γ ൌ ൛κሺݏሻ, ρሺݏሻ⎸Re൫ܲሺ݅ݏ; ߫, ρ, κሻ൯ ൌ 0, ;ݏ൫ܲሺ݅݉ܫ ߫, ρ, κሻ൯ ൌ 0, ݏ ∈ ሺ0,∞ሻൟ                  (11) 

  

a b 
 

Figure 3 – Different representations of the stability diagram: 
a:  ൛߬ଵ/߬ଶ ൌ 2, ܪ ൌ 0, η∗ ൌ 0.1, ߫ ൌ 0.05, ݎ ൌ 0.55ൟ, b:  ൛߬ଵ/߬ଶ ൌ 1, ܪ ൌ 0.5, η∗ ൌ 0.1, ߫ ൌ 0.05, ݎ ൌ 0.55ൟ 

 
It should be noted that the quantities ,k r appear in Ошибка! Источник ссылки не найден. both 

explicitly and indirectly via ρη, .. That is, the equations {Ошибка! Источник ссылки не найденߦ

-Ошибка! Источник ссылки не найден.} are to be solved together when calculating the stability 
boundaries Ошибка! Источник ссылки не найден.. 
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Figure 5 – The chips thickness (a) and the cross-sectional shape of the chips changing (b) 
 

Conclusions. The considered model of two-cutter turning taking into account the compliance of the 
cutting tool fixation allows one: 

- To investigate parametrically the stability of continuous stationary turning. 
- To study the effect of axial and angular relative disposition of the cutters on the stability and the 

process of chips formation. 
- Using the reduction of algebraic evolution equations to singular differential equations allows using 

standard procedures for integrating systems of differential equations with retarded argument (dde23 in 
MATLAB) 

Acknowledgment. The work was supported by the Russian Foundation for Basic Research (project 
№ 16-58-150001 НЦНИ_а) and by the French National Center for Scientific Research (project 
№263581). 

 
 

А. М. Гуськов1,2, М. А. Гуськов3, Г. Я. Пановко1,2, А. Е. Шохин1,  
М. Н. Қалимолдаев 4, З. Ғ. Уəлиев5 

 
1А. А. Благонравов атындаєы Машинажасау институты РҒА, Мəскеу, Ресей,  

2Н. Е. Бауман атындаєы ММТУ, Мəскеу, Ресей, 
3PIMM зертханасы UMR 8006, ENSAM, CNRS, CNAM, Париж, Франция,  

4Ақпараттық жəне есептеуіш технологиялар институты, Алматы, Қазақстан, 
 5Абай атындағы Қазақ ұлттық педагогикалық университеті, Алматы, Қазақстан  

 
КӨП КЕСКІШ КЕСУ ДИНАМИКАСЫНЫҢ ЕРЕКШЕЛІКТЕРІ 

 
Аннотация. Жұмыста көп кескішті қайрау кезінде үздіксіз кесу үрдісінің динамикасының ерекшелік-

тері жəне математикалық моделдеудің нəтижелері талқыланады. Созылған цилиндрлік бөлшектің көп кес-
кіш нүктесінде өңдеу параметрлерінің дірілдің қозуына əсері зерттеледі. Кескіштердің бекітілу қаттылығына 
жəне олардың өзара орналасуына байланысты кескіштің жəне түзілетін жоңқаның тербелісінің əртүрлі 
формалары талданады.  

Модельдеудің негізіне қозғалыс теңдеулері, бөлшектік-рационалды функция түріндегі кесу заңы жəне 
бірнеше кешігуі бар дифференциалды-алгебралық теңдеулер жүйесі болып табылатын жаңа беттердің түзілу 
теңдеулері алынған жəне із бойынша көп кескіш нүктенің динамикасын сипаттайды. Бұл теңдеулер жүйедегі 
тербелістерді қозудың регенеративті механизмін ескеруге мүмкіндік береді. Жұмыста кескіштердің бұрыш-
тық жылжуы кезінде тұрақты тербеліске шығуының эволюциясы көрсетілген, жоңқаның эволюциясы көрсе-
тілген, кескіштердің бұрыштық ығысуы кескіш жиектерінің жұмысын басқаруға мүмкіндік беретін кескіш-
тердің жұмысының мысалы келтірілген. Жұмыста орнықтылықты жоғалту жəне автотербелістердің қозу 
себептері атап өтілді. Дифференциалдық теңдеулер жүйесін кешіктіретін аргументпен интегралдау проце-
дурасы көрсетілген, кескіштердің бекітілуін ескере отырып, екі кескіш нүктенің моделі қарастырылған. 

Технологиялық жүйе параметрлерінің үзілісіз кесу режимінің тұрақтылығына əсері талданады. 
Түйін сөздер: көп кескішті қайрау, динамика, модельдеу, үзілісіз кесу, автотербелістер, тұрақтылық, 

кешігу. 
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Аннотация. В работе обсуждаются особенности динамики процесса непрерывного резания при много-
резцовом точении и результаты математического моделирования. Исследуется влияние параметров обработ-
ки на возбуждение вибрации при многорезцовом точении протяженной цилиндрической детали. В зависи-
мости от жесткости крепления резцов и их взаимного расположения анализируются различные формы коле-
баний резца и образующейся стружки.  

В основу моделирования положены уравнения движения, закон резания в виде дробно-рациональной 
функции и уравнения образования новых поверхностей, которые представляют собой систему дифферен-
циально-алгебраических уравнений с несколькими запаздываниями и описывают динамику многорезцового 
точения по следу. Эти уравнения позволяют учитывать регенеративный механизм возбуждения колебаний в 
системе. В работе показана эволюция выхода резцов на стационарные колебания при угловом сдвиге резцов, 
показана эволюция стружки, приводится пример работы резцов, угловой сдвиг которых позволяет управлять 
работой режущих кромок. В работе отмечены причины потери устойчивости и возбуждения автоколебаний. 
Показана процедура интегрирования систем дифференциальных уравнений с запаздывающим аргументом, 
рассмотрена модель двухрезцового точения с учетом податливости крепления резцов. 

Анализируется влияние параметров технологической системы на устойчивость непрерывного режима 
резания. 

Ключевые слова: многорезцовое точение, динамика, моделирование, непрерывное резание, автоколе-
бания, устойчивость, запаздывание. 
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