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NAS RK is pleased to announce that News of NAS RK. Series of geology and technical
sciences scientific journal has been accepted for indexing in the Emerging Sources Citation
Index, a new edition of Web of Science. Content in this index is under consideration by Clarivate
Analytics to be accepted in the Science Citation Index Expanded, the Social Sciences Citation
Index, and the Arts & Humanities Citation Index. The quality and depth of content Web of
Science offers to researchers, authors, publishers, and institutions sets it apart from other
research databases. The inclusion of News of NAS RK. Series of geology and technical
sciences in the Emerging Sources Citation Index demonstrates our dedication to providing the
most relevant and influential content of geology and engineering sciences to our community.

KaszakcmaH Pecrniybnukacbl ¥nmmbiK fbliibiM akademusicbl "KP ¥FA Xabapnapbi. [eonoausi xoHe
MeXxHUKarbIK FbifibIMOap Cepusicbl” fbinbIMU XKypHanbiHbiH Web of Science-miH xaHanaHfaH HyckKachbl
Emerging Sources Citation Index-me uHOekcmernyze kKabbindaHraHblH xabapnaldbl. byn uHdekcmerny
b6apbicbiHOa Clarivate Analytics kommnaHusicel XypHandel odaH opi the Science Citation Index Expanded,
the Social Sciences Citation Index xeHe the Arts & Humanities Citation Index-ke Kabbinday moceneciH
Kapacmbipyda. Webof Science sepmmeywinep, asmopnap, 6acnawhbinap MeH MeKemesiep2e KOHmMeHm
mepeHOiei meH canacblH ycbiHadbl. KP YFA Xabapnapbi. [eonoeusi xoHe mexHUKasblK fblibiMOap
cepusicel Emerging Sources Citation Index-ke eHyi 6i30iH KoramdacmbiK yWiH eH e3ekmi xoHe 6edesndi
2eo0rs102usl XoHe mexHuKarnbIK fblribiMOap 6olbiHWa KoHMeHmke adandblfbiMbi30b! 6ir1dipedi.

HAH PK coobwaem, 4ymo Hay4HbIl xypHan «3gecmusi HAH PK. Cepusi 2eonoauu U mexHu4eCcKux
Hayk» bbln npuHsam O uHOekcuposaHusi 8 Emerging Sources Citation Index, obHoeneHHoul sepcuu Web
of Science. CodepxaHue 8 amomMm uHOeKkcuposaHuU Haxodumcsi 8 cmaduu paccMompeHuUsi KomnaHueul
Clarivate Analytics Ons OanbHeliweao npuHsamus xypHana e the Science Citation Index Expanded, the
Social Sciences Citation Index u the Arts & Humanities Citation Index. Web of Science npednazaem
Kadecmeo u enybuHy KoHmeHma Ons uccriedosameriel, asmopos, u3damernel U y4dpexoeHud.
BknoyeHue Usesecmusi HAH PK. Cepusi eeonoeuu u mexHudeckux Hayk e Emerging Sources Citation
Index demMoHCmMpuUpyem Hawy nNpueepXeHHOCMb K Haubosee akmyarbHOMY U 8/1USIMEIbHOMY KOHMEHMY
10 2e0/102UU U MEXHUYECKUM Haykam O5isi Hawezo coobujecmea.
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THE MOTION WITH AIR DRAG OF A BODY LAUNCHED
AT AN ANGLE ABOVE THE HORIZONTAL

Abstract. The article offers calculations and visualization of motion of a body launched at an angle above the
horizontal for two cases without air drag and with air drag by using the MATLAB software. It presents the motion
trajectories of the body launched at an angle above the horizontal for two cases without air drag and with air drag at
different values of air drag coefficient. The path of the body launched at a certain angle above the horizontal with no
air drag is a parabola. In case of motion with air drag the path is not parabolic, i.e. not symmetric relative the vertical
line drawn from the upper point of the trajectory, with less height and range. With the increase of air drag coefficient
the maximum height reached by the body decreases. When the air drag coefficient increases from 0.1 up to 0.5 the
maximum height reached by the body decreases approximately by 1.8 times. Students are offered to study this
phenomenon by changing the air drag coefficient at various initial velocities and to analyze them. Results of this
article are used at the practical classes on classical and theoretical mechanics and at the laboratory classes on the
discipline "Modeling the physical phenomena".

Key words: motion, at an angle above the horizontal, initial height, initial velocity, path, parabola, medium
drag coefficient.

Introduction. Nowadays all educational institutions of Kazakhstan are provided with computer
hardware and software, interactive boards and internet. Almost all teachers have completed language and
computer courses for professional development. Hence the educational institutions have all conditions for
using computer training programs and models for performing computer laboratory works. In recent years
the new computer system of carrying out mathematical calculations MATLAB is being widely used in
many universities and engineering institutions throughout the world [1-7]. Unfortunately, the numerical
calculations carried out by students are often done by means of the calculator. Modern computers are
frequently used only for presentation of the work. Actually students should be able not only to solve these
or other engineering problems, but also do it by using modern methods, that is, using personal computers.

Students of the physics specialties SB060400 and 5B011000 successfully master the discipline
“Computer modeling of physical phenomena” which is the logical continuation of the disciplines
“Information technologies in teaching physics” and “Use of electronic textbooks in teaching physics”. The
aim of this discipline is to study and learn the program language of the MATLAB system, acquaintance
with its huge opportunities for modeling and visualization of physical processes.

In our early works [8-25] we used the MATLAB system for modeling and visualization of physical
processes related with mechanics, molecular physics, and electromagnetism and quantum physics. This
software has enabled us to solve ordinary differential equations (ODE), visualize equipotential lines of
charged conductors’ system, describe the motion of charged particles in electric, magnetic and gravita-
tional fields and etc.
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The present article is devoted to calculation and visualization of motion of the body launched at an
angle above the horizontal for two cases without air drag and with air drag by using the MATLAB
software.

Formulation of the problem 1. Let's consider the movement of the body thrown with initial velocity
of vy at an angle a to the horizon in the assumption that the air drag is proportional to squared velocity. In
a vector form the equation of motion is given as

mr = —;/5|13| —mg,

where 7 is the position vector of the moving body, U is the body’s velocity,  is the drag coefficient,
mg is the gravity force, m is the mass of the body and g is the acceleration due to gravity.

The specific feature of this problem is in ending of the body’s motion at an unknown time, when the
body falls on the ground.

If to denote k=y/m, then we have a system of equations for x- and y- components of the motion,
to which it is necessary to add initial conditions: x(0)=0, y(0)=h (h is an initial height),
x(0)=v,cosa, y(0)=v,sina.

Let us have the following denotations:

y()=x, »(2)=x y(3)=». y(4)=r

Then the corresponding system of ordinary differential equations (ODE) of the first order for x- and
y-components of the motion is given as

3(1)=(2)
3(2) =k 3(2)\(»(2)) +(3(9))
$(3)=(4)

(0)=k-3(4)|(»(2)) +(»(9) ¢

Methods and results. To obtain the solution of this problem we introduce the function
“bodyangle.m” for calculation of the right side of the system of ODE.

Listing of the function Movifriction.m.

function F=Movifriction(x,y)

k=0.01;

g=9.81;

F=[y(2); -k-*y(2).*sqrt(y(2)."2+y(4)."2);...

¥(4); -k Fy(4).*sqri(y(2). 2+y(4)./2)-g];

The algorithm of the solution ex14 1.m of our boundary-value problem can be as the following:

>> % motion of the body launched at an angle to the horizon

>> alph=pi/4; % the angle of launch

>> k=0;

>>v0=1; % initial velocity

>>h=0; % initial height

>>tmax=0.2; % time interval

>>Y0=[0; v0.*cos(alph); h; v0.*sin(alph)]; % vector of initial conditions

>>[T,Y ]=ode45(@Movifriction,[0 tmax],Y 0);% approximate solution

>>plot(Y(:,1),Y(:,3), 'LineWidth',2); % the graph of the curve x(t), y(t)

>>axis equal;

>>gorid on

The result is presented in the figure 1.

y(4
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Figure 1 — The path of body’s motion without air drag (k=0) at initial conditions
a=pi/4 — launch angle, v0=1 — initial velocity, #=0 — initial height

For determination of motion duration it is necessary to select the value of tmax. Also it is necessary to
determine approximately the maximum height and the range. The ODE solver of MATLAB gives an
opportunity to determine the moments of occurring of the events corresponding to some special solutions
and reactions to them. For this aim a special function-event processor is used. During solution MATLAB
recognizes events and calls the user’s processor.

The format of the function of event processor must be as following:

[value, isterminal, direction] = eventsfun(t, y)

Function has to return three vectors -value, isterminal, direction- of identical length in which the i-th
component corresponds to equalizing to zero of some expression depending on ¢ and y(k) components of a
vector-function of ODE system solution (arguments #, y functions - events). Components of these vectors
have the following meanings:

value(i) is the expression made of an argument ¢ and the y(k) components of a vector function y which
in a solver will be checked on equality to zero;

isterminal(i) = 1 if an integration of the ODE system has to be stopped at reaching the condition -
value (i) = 0, or = 0 if it isn't required to stop calculations;

direction(i) = 0 if it is necessary "to catch" all zeros of the expression - value (i), + 1 when passing
through zero the expression - value (i) increases, and — 1 when passing through zero the expression -
value(i) decreases.

Then the descriptor of this function should be transferred to a solver, having specified it in structure
of parameters - options - of the function- odeset (see above) as the value of the parameter - Events.

options=odeset(‘Events’, eventsfun)

After that a solver should be called with 5 exit parameters

[T,Y,TE,YE,IE] = solver(odefun, tspan, y0, options)

Problem 2. Let's return to the problem 1 in which we we considered the motion of the body thrown at
an angle to the horizon. Let's create the bodyanglek.m function of a right side of the system of equations
having additional parameter k — the medium drag coefficient.

Listing function bodyanglek.m.

function F=bodyanglek(x,y,k)

g=9.81;

F=[y(2); -k.*y(2).*sqrt(y(2)."2+y(4).2);...

y(4); -k.*y(4).*sqri(y(2)."2+y(4).”2)-g];

If the function -processor of an event - Events is used, then it also has to have this additional
argument.
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function [value,isterminal,direction] = ex8eventsk(t,y,k)

% Determine the time when the height

% is equal to 0 during the body’s falling and to end calculations, also

% determine the time of body’s reaching the maximum height (without stopping calculations),

% when the y-component of the velocity is equal to 0

value = [y(3), y(4)]; % determine zeros for y(3) and y(4)

isterminal = [1,0]; % stop calculations at y(3)=0

direction = [-1,0]; % function y(3) decreases, for y(4) it makes no difference

When calling the solver we also should give it an additional argument. Then the algorithm of the
solution ex16_1.m of our boundary- value problem will be as following

% motion of the body launched at an angle to the horizon ex16_1.m

>>alph=pi/4; % the launch angle

>>v0=10; % initial velocity

>>Y0=[0; v0.*cos(alph); 0; v0.*sin(alph)]; % vector of initial conditions

>>ak=[0.1 0.2 0.3 0.5]; % medium drag coefficients

>>opts = odeset('Events',@ex8eventsk,' Refine',16); % parameters

>>newplot; hold on;

>>for i=1:4

>>[t,Yte,ye,ie] = ode45(@bodyanglek,[0 Inf],Y0,0pts,ak(i)); % solution

>>plot(Y(:,1),Y(:,3), 'LineWidth',2); % path graph

>>end

>>grid on; hold off;

The result is presented in the figure 2.

2

1.5

0.5

-0.5
0

Figure 2 — A trajectory of motion of a body launched at an angle to the horizon
at various values of the medium drag coefficient

Students are offered to study this phenomenon by changing the initial conditions (the launch angle,
initial velocities and heights) and at various values of the medium drag coefficient and to analyze them.

Conclusion. The article considers calculations and visualization of motion of a body launched at an
angle above the horizontal without air drag and with air drag by using the MATLAB software. It presents
the motion trajectories of the body launched at an angle above the horizontal at different values of air drag
coefficient. The path of the body launched at a certain angle above the horizontal with no air drag is a
parabola. In case of motion with air drag the path is not parabolic, i.e. not symmetric relative the vertical
line drawn from the upper point of the trajectory, with less height and range. With the increase of air drag
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coefficient the maximum height reached by the body decreases. When the air drag coefficient increases
from 0.1 up to 0.5 the maximum height reached by the body decreases approximately by 1.8 times.
Students are offered to study this phenomenon by changing the air drag coefficient at various initial
velocities and to analyze them. Results of this article are used at the practical classes on classical and
theoretical mechanics and at the laboratory classes on the discipline "Modeling the physical phenomena".

K. A. Kaobui6exos!, X. K. A6apaxmanosa?, A. JI. Jlacuexos’,
II. A. Caupaxmeros!, T. I1I. Maxanos!, B. I1I. Kegenoaes
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MATLAB )KYHWECIH/IE
«KOKKHEKKE BYPbIII )KACATI IAKTBIPBLIFAH
JEHEHIH KEJEPIIMEH KO3FAJIBICBIH 3EPTTEY »

Annoranusi. Kexoknexke OypbIl xacall JIaKTHIPBUIFAaH JEHEHIH OpTaHbIH KeJEeprici JKOK jkoHe Keneprici 00i1-
FaH JKarJaiaapblHIarel KO3FAIBICBIH €cenTey MeH OeliHelney YChIHBbUIAABL. KeKKkHekke OyphIIINeH JaKThIPbUIFaH
JICHEHIH OpPTaHBIH Keleprici )oK >KoHe KeIepriciHiH Kod(pHIueHTTepl apTypiii OoJIFaH >karJalinapblHIaFsl KO3Fa-
JIBICHIHBIH TPACKTOPHSIIAPBIH I'paUKTEPi KENTIpUIreH.

OpTaHBIH KeJIepriciH ecenKe aMaraH jkaraiiaa neHe napaboia O0ibIHIa KO3FaIaabl, all OpTa KeAeprici ecenke
aJIBIHFaH JKarJali/ia OHBIH TPAaeKTOPUSCHI MapabosiafaH aybITKU/IbI KHE €H KOFapFbl OMKTIKTErl HYKTEIEH JKYpri-
31Ire€H BEpUKaJlFa CaJIbICThIPFaHja CHMMETPHSLIIBI OOIMAaiiIbl.

Opransin kenepri koapduuenti 0.1 nen 0.5-ke neiiiH eckeH calblH JIeHEHIH KoTepiity OukTiri 1.8 ece Temen-
Jenni.

CryneHtrepre e3 OCTiHIIE KO3FAJBICTHIH OacTalKbl JKBUIIAMIBIFEI MCH 0aCTalKbl OHMIKTIr JKOHE JIAKTBIPY OYy-
PBILIBI MEeH Kezepri koadduueriHin op Typ:i MoHAepiHIEe TaXipuOeaep xacay KOHE HOTHXKENEPiH Taljaay YCBIHbI-
JaJbl.

ToxipuOenep HATHXKeEpl KIACCHUKAIIBIK, TEOPUSUIBIK MEXaHUKa koHe «DU3MKaJIBIK IPOLECTep/Il ecenTey MeH
OeliHeney» MoHAEPiH Meirepyae Ko laHblIa bl

Tyiiin ce3mep: KO3FaIbIC, KOKKUEKKE OYPHIII XKacall JIAKTBIPhUIFaH, 0acTanKbl KBUIIAMJIBIK, 0aCTAaIIKbI OMIKTIK,
JIaKTHIPY OYPBILIBL, TPAEKTOPHS, apadoiia, OpTaHbIH Keaepri KodaddumeHTi.

K. A. Kaobui6exos!, X. K. A6apaxmanosa?, A. JI. Jlacudexos’,
II. A. Caupaxmeros!, T. I1I. Maxanos!, B. I1I. Kegenoaes

"TOxm0-KazaxcTaHcKuil roCyIapCTBEHHBIA YHEBEpCHTET BM. M. Aya30Ba, [llsMkenT, Kazaxcran
210xH0-Ka3axcTanckuil ToCyIapCTBEHHBIN MeIarorndeckuii yausepcutert, llsvkenT, Kazaxcran

«MCCJIEAJOBAHHME JIBU)KEHUSA TEJIA C TPEHUEM,
BPOIIIEHHOI'O IO YI'JIOM K 'OPU3OHTY»
B CUCTEME MATLAB

Annortanus. [Ipennaraercs nporpaMmMa pacueTa U BU3YaIHM3alUU IBHKCHUS Tea, OPOIIEHHOIO IO YIIOM K
TOPHU30HTY 0€3 y4YeTa U ¢ yU4eTOM CONMPOTUBIICHUS cpe/bl. [IpeacTaBieHbl TPACKTOPUH JABIKEHHS Teja, OPOIIEHHOTIO
MOJT YIJIOM K TOPU30HTY 0€3 yueTa U C y4eTOM COIPOTHBIICHHS CPEIIbI IIPH PA3IMYHbBIX 3HAYeHUs K03 duimenra co-
MPOTHUBIICHUSI Cpelbl. TpacKTOpUeH ABIKCHHS Tejia, OPOIICHHOTO IMOJ YIJIOM K TOPU30HTY 0€3 ydera CONpPOTHB-
JICHHSI CPEIbl SIBIISETCS Mapabojia U ¢ Y4eTOM COMPOTHUBIICHHUS CPEJbl TPACKTOPHS OTIMYACTCS U HE CUMMETPUYHA
OTHOCHTEJILHO BEPTHUKAJIH IIPOBEACHHOM OT BEpXHEH TOYKU KoopauHaThl. C yBenndeHreM Kod3(hHUIMeHTa CONPOTUB-
JICHHSI CPe/Ibl IOHMWKACTCS BBICOTA MOAbEMA TeJIa; yBeIndeHue kKoddduiuenta conporusicaus ot 0.1 no 0.5 moHu-
’KaeT BBICOTY MoJbeMa Tejia npuMepHo B 1.8 pasa. CryaeHTaM MpeyuiaraeTcsi CaMOCTOATENBHO MOIKCIIEPUMEHTHPO-
BaTh, M3MCHsIS KOI(P(PUIIMEHT COMPOTUBIICHUS CPEABI MPU PA3IHUUHBIX HAYAIBHBIX CKOPOCTSX M MX IHMPOAHATH3HPO-
BaTh. Pe3ysibTaThl 3KCIIEPUMEHTOB HCIOJB3YIOTCS MPH U3YyYCHHWH W OCBOCHHUH KIIACCHYCCKOW, TEOPETHYCCKOMN
MEXaHUKHU M JUCUUIUIHHBI «Pacder u Bu3yan3aius GU3HIeCKUX MPOIeCCOBY.
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KaroueBble cji0Ba: JIBIKCHHUE, IO/ YTIIOM K TOPH30HTY, HAYAIbHAS BBICOTA, HAYAIBHAS CKOPOCTh, YO Gpoc-
Ka, TpaeKTOpHs, mapadosia, KO3PQGHUIIUEHT COMPOTUBICHHUS CPEIBL.
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